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Exercise 4A
1 ai LFAB=/CAF+ /ZBAC
=(a—-p)+p=a
So L/FAB =«

ii

iii

iv
b i
ii
c i
ii
d i

ZFAB and £ABD are alternate angles

so LFAB=Z/ABD

so ZABD =«

ZECB=90-a,s0 ZECB=90-(90-a) =«

cos 3 =ATB
S0 AB =cos B
sin f = BC
1
So BC =sin B
ZABD =, sosina = A—D
AB
As AB =cos f, this gives sina =
cos

S0 4D =sina cos f

BD BD
COSH =——=

AB cospf
S0 BD =cosacos 3
Z/BEC =, socosa = C—E

BC
. . CE
As BC =sin f3, this gives cosa = —
sin
S0 CE =cosasin
. BE BE

sin@g=—=—

BC singf
S0 BE =sinasin f
sin(e — f) = FI—C

So FC =sin(a - B)

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Pure Mathematics 3 Solution Bank
1 dii cos(a—ﬂ):FTA
S0 FA =cos(a - )

e i The completed diagram should look like this:

cosa sinf3
F sin(a —ﬂ) C / E
[ | I L]
sina sin/f3
sinf3
1
cos(a - f3) A 90 -a
B
o
a-p3 cosh
cosa cosf
s
|
4 sina cos 3 D

FC+CE=A4D,so FC=A4AD - CE

sin(e¢ — f) =sina cos f —cosa sin

ii AF=DB+BE

cos(ax — f)=cosacos f+sinasin
sin(A—B)
cos(4A—B)

sin Acos B —cos 4sin B

2 tan(4-B)=

~ cos Acos B +sin Asin B
Divide the numerator and denominator by cos 4 cos B

sin 4cosB cosAsinB sin4d sinB

tan(A - B) = cosAcosB cosAcosB _ cosA cosB

cosAcosB sin Asin B sin 4sin B
cosAcosB cosAcosB cos AcosB
tan 4 —tan B .

= — = —— asrequired
1+tan Atan B

3 sin(4+ B)=sin Acos B+ cos Asin B
sin(P + (-Q)) =sin Pcos(—Q) + cos Psin(—Q)
As cos(—P) =cos P and sin(—P) = —sin P, this gives
sin(P—Q)=sin PcosQ —cos PsinQ
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4 Example: 4 =60°, B =30°
. 3 . 1
s1nA:7, sinB=—

. . . 1
sin(A+B)=1; sin A+sin B :£+— =1
This proves sin(4 + B) = sin 4 +sin B 1s not true for all values.

There will be many values of 4 and B for which the statement is true, e.g. 4 =-30° and B =+30°,
and this is the danger of trying to prove a statement by taking particular examples. To prove a
statement requires a sound argument; to disprove it only requires one counterexample.

5 cos(A— B)=cos Acos B+ sin Asin B
Setd=6,B=0

= cos(f@—60)=cosfcosf+sinfsinf
= cos0=cos’@+sin* 4

So cos’® @+sin” @ =1 (since cos0 = 1)

6 a sin(4- B)=sinAcosB—cos AsinB

SetA=", B=0
2
= sin E—@ EsinEcosé’—cosﬁsinQ
2 2 2
= sin[f—ejzcosé’
2
since sinzzl, cos£=0
2 2

b cos(A— B)=cos Acos B +sin Asin B
T
Set 4 =7 B=0

= CO0S E—Q Ecoszcoséhtsinﬁsin@
2 2 2
= COS[E—szsinQ
2
since cos£=0, sinle
2 2
) T ) T . T
7 sin| x+— |=sIinxcos— +cos xsin —
[+ sinrcos rossin

=——sinx+—Ccosx
2 2
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T T . . T
8 cos X+§ :COSXCOSE—SII’IXSII’IE

—COSXx———sinx
2 2

Using sin(4 + B) = sin Acos B + cos Asin B gives

sin15°c0s20°+ cos15°sin 20° =sin(15°+ 20°) =sin 35°

Using sin(4 — B) = sin A cos B —cos Asin B gives

sin58°¢c0s23°—c0s58°sin 23° =sin(58°—-23°) =sin 35°

Using cos(4+ B)=cos Acos B —sin Asin B gIves

c0s130°co0s80°—-sin130°sin 80° = cos(130°+80°) =cos210°

tan 4 —tan B
l1+tan Atan B

=tan(76°—45°) =tan31°

Using tan(4 - B) = gives

tan 76° —tan 45°
1+ tan 76°tan 45°

Using cos(4— B) = cos Acos B +sin Asin B gIves
cos26cosf +sin26sinf = cos(20 — @)= cos

Using cos(4+ B) =cos Acos B —sin 4sin B gives
cos 46 cos30 —sin46sin36 = cos(46 +36)=cos 76

Using sin(4 + B) = sin Acos B + cos Asin B gives

nl 5 1 M2 =aq 1 5 =1
sind O cos$ 6+ cos$ Osin3 O =sin(10+36) =sin30

tan A + tan B

Using tan(4+B)= ————
l1—tan Atan B

gives

tan 20 + tan 36
1—tan 260 tan 36

= tan(26 + 360) = tan 56

Using sin(P - Q) =sin PcosQ —cos Psin Q gives

sin(4+ B)cos B—cos(A+ B)sin B=sin((4+B)—B) =sin 4

oo

Using cos(4+ B) = cos Acos B —sin Asin B gIves

cos 3x+2y cos 3x-2y sin 3x+2y sin 3x-2y
2 2 2 2

%)
=cos| — |=cos3x
2
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1 T . T
10 a Use the fact that —— =C0OS— =SIN— to write
N2 4 4

N

1 . 1 . 1 ) i . T T
—(SIn X+ oS X) = —=SsINn X +—=C0s X = SIN XCOS— +COos xSin — =sin| x+—
J2 V2 4 4 4
or

1 . 1 1 . T . .7 T
— (SIn X+ COS X) = —=COS X + —=SIN X = COS X COS— +Sin xsin — = cos| x ——
J2 J2 4 4

V2

1 T . T
b Use the fact that —— =C0S— =SIN— to write
V2 4 4

1 . 1
—(cos x—sin x) = —=cos x —

V2 V2 2
I . T \/5

T . T )
¢ Use the fact that 1 = cos— = sin — and — =C0S— =SIn— to write
2 3 6 2 6 3

. T . . T T
SIN X =COSXCOS— —SIN XxXSIN— =COS| X+—
4 4 4

1 . 1. 3 ) T LT T
—(smx+x/§cosx):—smx+—cosx:smxcos—+cosxsm—:sm X+—
2 2 2 3 3 3
or

1 . 3 1. T . T T
—(smx+\/§cosx) == —CO0SX+—SInXx =CcoSxCcoS— +Sin xsin— =cos| x——
2 2 2 6 6 6

1 T . T
d Use the fact that —— =C0S— =SIn— to write
V2 4 4

| I . 1 . T LT T
—(SIHX—COSX) =——SIMX——F—=COSX =SIMXCOS——COoOSXSINn—=Sm| x——
N5 NERRN 4 4 4
11 cos y =sin(x + y)

= cosy=sinxcosy+cosxsiny

Divide throughout by cosxcos y

gaﬁl :sinxgaﬁ+m§siny
COSX cosy cosxgas? p@rﬁcosy

— secx =tanx+tany

= tany=secx—tanx

12 As tan(x - y) =3
tan x — tan

° lthanxtanJ;/z3

= tanx—tany=3+3tanxtany

= 3tanxtan y+tan y =tanx—3

= tan y(3tanx+1)=tanx—3

tan x —3

= tany=
Y 3tanx +1
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13 sin x(cos y + 2sin y) = cos x(2cos y — sin y)
=> sinxcos y+2sinxsin y =2c0s XCcos y —Ccos xsin y
=> sinxcos y+cosxsin y =2(cos xcos y —sinxsin )
= sin(x+y)=2cos(x+ y)
sin(x +
= cos((x+J;)) =2
= tan(x+y)=2

14a tan(x—-45°) =1

tan x — tan 45° B 1

I+tanxtan45° 4
= 4tanx—-4=1+tanx (as tan45°=1)

= 3tanx=5

= tanx=3

b sin(x -60°) =3 cos(x +30°)
= sin xcos 60°—cos xsin 60° =3 cos x cos 30° —3sin xsin 30°

. 3.
= —sSInX———CO0SX=——COSX——SInxX
2 2 2

= 4sinx:4ﬁcosx

sinx 443
= =—

COS X 4
= tanx= \/3

¢ tan(x—-60°) =2
tan x — tan 60°
= =2
1+ tan x tan 60°

tanx—\/g

= l+x/§tanx

= tanx—\/§:2+2\/§tanx

= (2V3-Dtanx=-(2++3)

C@2+V3) _ @+V3EVB D
23-1  (2B3-D2\B+1)

8453

11

=2 (as tan60°= \/5)

= tanx =
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[+3)
1Sstan|{ x+— |=—
3 2

tanx+tani 1

I-tanxtanf 2

—ltjrj/%;ﬁ =% (since tan§=\/§j
— 2tanx+2+y/3 =1-+3tanx
= 2+3)tanx=1-2/3
1-23  (1-243)2—3)

= tanx= =
243 2+3)2-3)
— 2_4\/51_\/54‘6 =8—5\/§
16 Write 9=(9+EJ—E and 9_,_&2(‘94_@}_2_%
3 3 3 3 3

Now use the appropriate addition formulae for cos

2w\ 2m 27 2t . 2n) . 2@
cos|| O+— |—— |=cos| @+— |cos— +sin| @ +— |sin—
3 3 3 3 3 3
cos H+E +E = oS H+E cosﬁ—sin H+E sinﬂ
3 3 3 3 3 3

Now add up all terms
cos9+cos(9+2§)+cos(9+%)

=Cos (0+2_nj_2_n +cos(9+2—n)+cos (0+EJ+E
3 3 3 3 3

27 2t . 2n) . 2n 27 27 27
=cos| 0+— |cos— +sin| 8+— |sin— +cos| @ +— |+cos| 8+— |cos—
3 3 3 3 3 3 3

) ( 2nj. 2n
—sin| @ +— |sin—
3 3

EZCOS(9+EJCOSE+COS(9+E)
3 3 3

=0 as cosz—n:—l
3 2
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Challenge
a i Area= labsinfd=1x(ycosB)(sin 4)
=~Lxysin Acos B

ii Area= labsin€ =1 y(xcos 4)(sin B)
=~Lxycos Asin B

iii Area= Jabsinf =<1xysin(4+ B)

b Areal +7,= AreaT + AreaT,
= L xysin(4+ B) =1 xysin Acos B+ xycos Asin B
= sin(A+ B) =sin Acos B+ cos Asin B
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