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Pure Mathematics 3

Exercise 3C

1 (1Y

sin’ @ Lsm J = cosec0

4 (1)

11 (1Y
2c0s9 2 LCOSHJ

1-sin’@ cos’ 6

sin’0  sin’@
(using sin* @+ cos* A =1)

1-sin’@ [ cos@\
So =

sin® @ Lsm&J

secd 1 11

Solution Bank
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(divide by sin’ x)

2
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sin@cotf = sin G x C?SQ =cosd
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tan26@cosec26 = sin 20 X — !
cos20 sin26
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cos@sind(cot &+ tan &)
= CoS Hsinﬁ[ C?SQ + smﬁj
sind coséd

=cos’@+sin’O=1

sin’ xcosecx + cos’ xsecx

= sin® x x —— +cos’ x x
sinx COS X
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3 f secA—secAsin® 4 d LHS=(I-cosx)(1+secx)
= sec A(1—sin” A) (factorise) =1-cosx+secx—cosxsecx
1 5 (multiplying out)
= xcos” A
cos A =secx—cosx (as cosxsecx =1)
(using sin® 4+ cos> A=1) 1
= —COSX
=cos 4 cosx
_ l—cos’x
g sec’ xcos’ x +cotxcosecxsin® x = cosx
=— xcossx+cf)sx x —— xsin* x _ sin® x
COs™ X sinx sinx = oS x
= c0s’ x +sin’ xcos x _ sinx
2 -2 =SInx X
= cosx(cos” x +sin” x) COSX
=cosx (since cos’x+sin’x=1) =sinxtanx = RHS
4 a LHS=cosf+sinftand e LHS=_SO% | 1-sinx
. sinf l-sinx  cosx
=cosf+sinf 5 .y
cos@ _cos” x+(1-sinx)
_ cos’ @+sin’ 0 ~ (1-sinx)cosx
cos® _ cos’ x+(1—2sinx +sin’ x)
= (using sin’*@+cos’ @=1) (1-sinx)cosx
cosé _ 2-2sinx
= sec/= RHS ~ (1-sinx)cosx
b LHS=cotf+tand (using sin’x+cos*x = 1)
_ cosé’+ sind __2(1-sinx)
~ sin@  cosd ~ (1-sinx)cosx
_ cos’ @ +sin’ 0 (factorising)
sinfdcos & 2
- 1 © cosx
sinfdcosd =2secx = RHS
1 1
s 0 * 0 cosd
sinf cos ¢ LHS=
= cosecdsec = RHS 1+cotf
) cosd
¢ LHS=cosecf—-sind =i
1 * o
=—7T—— Sin 0 cosS 0
sind =
. tan+1
_1-sin"@ and
" sin® _ cos ftand
_cos’0 1+tan@
" sing _cosOx sy
—cosexcose 1+ tan@
B sin@ _ sin _ RHS
= cosfcotd = RHS 1+tan&
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5 a secé’zx/E d cosecd=2
1
1 _— =
- cosé?:\/g - sind 2
— cos@:i = sinH:%
2

Calculator value is 8= 45°
cos @ is positive

= 6 is in Ist and 4th quadrants
Solutions are 45°, 315°

cosecd =-3

= L =-3
siné

= sinf= —l
3

Calculator value is 8=-19.47° (2 d.p.)
sin@ is negative

= 6 is in 3rd and 4th quadrants

S A

19.5° 19.5°

ORNO

Solutions are 199°, 341° (3 s.f.)

Scot@d=-2
= cotfd= _%
5
= tanf= —é
2

Calculator value is 8 =—-68.20° (2 d.p.)
tan @ is negative

= 6 is in 2nd and 4th quadrants

@ A

68.2°

68.2°

T \©

Solutions are 112°,292° (3 s.f.)

Calculator value is 8 =30°
sin @ is positive

= @ isin 1st and 2nd quadrants
Solutions are 30°, 150°

3sec’O=4

= seczﬁ=ﬂ
3

= coszﬁ=é
4

= cosH=i£
2

Calculator value for cos@= 73 1s 8=30°

As cos@ is £, @ is in all four quadrants
Solutions are 30°, 150°, 210°, 330°

S5cos@=3cotl
cosd

= 5c086=3—
siné

Do not cancel cosé on each side.
Multiply through by sin6.

= 5cos@sinf =3cosd

= 5cos@sinfd—3cosfd=0

= cosf(5sind—-3)=0 (factorise)

So cos@=0 or sin0=§
When cos@=0, 8=90°, 270°
When sinf = %, 0=36.9°143° (3 s.f)

Solutions are 36.9°, 90°, 143°, 270°
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5 g cot’d—-8tanf=0 b secd=-3
1
= ———8tanf=0 = cosf=——
tan” @ 3
— 1-8tan’0=0 Calculator value is 8=109° (3 s.f)
— Stan’f=1 cosd is negative
1 = @ 1s in 2nd and 3rd quadrants
= tan’f=—
8
= tanf = % @ A
Calculator value is 8 =26.57° (2 d.p.) ;]I: ) 0°
tan @ is positive
= @ is in Ist and 3rd quadrants @ C
Solutions are 26.57° and (180°+26.57°)
So solutions are 26.6°, 207° (3 s.f) Solutions are 109°, —109° (3 s.f)
h 2sind=cosecd ¢ cotf=3.45
1 1
Q= = =3.45
= 251n9_sin6’ tan 0
1
_ sin2e=t = tanf=——=0.2899 (4 d.p.)
2 3.45
1 Calculator value is 8 =16.16° (2 d.p.)
= sinf=+— . ..
NG tan @ is positive

= @ is in 1st and 3rd quadrants

s | ®

16.2°

Calculator value for sin@ = % 1s @ =45°
2

Solutions are in all four quadrants
Solutions are 45°, 135°, 225°, 315°

6 a cosecfd=1

= sind=1
= 6=90° @ ¢
" Solutions are 16.2° and (~180° +16.2°)

y = sinf!

1 So solutions are 16.2°, —164° (3 s.f))

]
—-180° -90° 90° 180°

[~ ]
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6 d 2cosec’d—3cosec9=0

= cosecH(2cosecd—3)=0 (factorise)

= cosecd=0 or cosec&’=§

= sin9=g
3

cosec @ = 0 has no solutions

Calculator value for sin@ = % 1s 0=41.8°

0 is in 1st and 2nd quadrants
Solutions are 41.8°, (180 —41.8)°
So solutions are 41.8°, 138° (3 s.f)

e secld=2cosd

=2cosd

=
CcOS

1
= cos’f=—
2

= cosH=+L
2

Calculator value for cos@ = ﬁ is @ =45°

0 is in all quadrants, but remember that
solutions required for —180° < 8 <180°
Solutions are +45°, +135°

f 3cotf=2sinf
= 399 6ino
sind
= 3cos@=2sin’ @
= 3cosf=2(1-cos’6)
(use sin’ @+cos’ A =1)
= 2c0s’0+3cos@—-2=0
= (2cos@—1)(cos@+2)=0

= cos&’=% or cosfd=-2

As cos@ = -2 has no solutions, cosf = %

Solutions are +60°

Solution Bank

@ Pearson

cosec20=4
= sin20= l
4

Remember that solutions are required
in the interval - 180° < £ <180°

So —360°<26<360°

Calculator value for sin26 =1 is
20=14.48° (2 d.p.)

sin26 is positive

= 26 is in 1st and 2nd quadrants

DM

14.48% 4.48

T C

20=-194.48°, —345.52°,
14.48°, 165.52°
0=-97.2° —172.8° 7.24°, 82.76°
=-173°, —97.2°, 7.24°, 82.8° (3 s.f.)
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6 h 2cot’fd—cotd—-5=0 b cot¢9=—\/§
As this quadratic in coté does not — tand— b
factorise, use the quadratic formula \/5
cotd— ~b+Nb* —4dac Calculator solution is — %
2a
(You could change cotf to - (you should know that tan{ = ﬁ)

and work with the quadratic
Stan’@+tan@-2 =0)

1++/41

4
= -1.3508, 1.8508 (4 d.p.)

—% 1s not in the interval
So tan& =-0.7403, 0.5403 (4 d.p.)

T
The calculator value for tan&d = —0.7403
is #=-36.51° (2 d.p.) T @

A
So cotd =

o

2
Rememberthat 0 <0 <2n

A
@ Solutions aren—E, 2n—£=5—n, Him
6 6 6

36.5°

6.5° 0 2\/5

¢ cosec—=——
2
T @ — sing—i—ﬁ
2 23

Solutions are —36.5°, 143° (3 s.f.).

The calculator value for tan@ = 0.5403 0
is =28.38° (2 d.p.) SO OSESTE

i @ First solution for sinE =

S
oSy

A ® | ®
28.45
L kit
@™ | © |
T C
Solutions are 28.4°, (—180+28.4)°
Total set of solutions is
152°, —36.5°, 28.4°, 143° 3 s.f. S0 ¢_Z 21
—152°, —36.5°, 28.4°, (3s.f) T3 3
7 a secl=-1 — gzz_n, an
373

= cosf=-1
= f=n
(refer to graph of y =cos8)
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7 d secH:\/EtanH
1 \/5 siné

=

cosd B cosd
= 1=\/Esin6? (cos@#0)
) 1
= sinf=—f4
2
Solutions are E, 3_n
4 4

8 a In the right-angled triangle ABD

AB
—— =cos@
AD

= AD = =6secd

cos
In the right-angled triangle ACB

AC
—— =cosd
AB

= AC =6cosb
CD=AD—- AC

=6secd—6cosd = 6(secld—cos )

T

6 cm

Solution Bank
b As16=6secfd—6cost

10a

@ Pearson

= 8= —3coséd

cos
— 8cosf=3—3cos’ 0

= 3cos’@+8cosf—-3=0
= (3cosf—1)(cosd+3)=0
= cosé?:% as cos@# -3

1
From (a) AC=6cos€=6x§:2cm

1 COSX
COSCCX—COtX  ¢inxy sinx

1—cosx 1—cosx
1 1—cosx
X

sinx l-—cosx
= COSec x

b By part a equation becomes

cosecx =2

sinx is positive, so x is in

Ist and 2nd quadrants
T Sn
X=—,—
6 6
sinxtanx sin® x
I-cosx ~ cosx(1—cosx)

: 2 2
SIn” X —COSX+COS™ X

cosx(1—-cosx)

1—cosx

cosx(1—cosx)
1

COSXx

=8CCX

1
b Need to solve secx = _5

= cosx=-2

which has no solutions.
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1+cotx B
1+ tanx

COSX

1+—
Sinx _ g
sin x

1+
CcOSX

=

sinx + cosx

sin x _5

= — =
COSXx +SIinx
COSX

sinx +cosx COSX
X =5

sinx CcOSXx +Ssinx

CoSXx
=5

sinx
=cotx=5

1
= tanx =—
5

Calculator solution is 11.3° (1 d.p.)
tanx is positive, so x is in

Ist and 3rd quadrants

Solutions are 11.3°,191.3° (1 d.p.)
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