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( C2 ) SEQUENCES AND SERIES Worksheet A

1 For each of the following geometric series, write down the common ratio and find the value of
the eighth term.

a 3+9+27+81+... b 1024+256+64+16+... ¢ 1-2+4-8+...

2 For each of the following geometric series, find an expression for the nth term.
a 1+5+25+125+ ... b 3-12+48-192+ ... C 81+54+36+24+ ...

3 Find the sum of the first 12 terms of each of the following geometric series.

a 2+4+8+16+.. b 640+320+160+80+... ¢ ¢ -3 +15 - 45+ ..

4 Given thefirst term, a, the common ratio, r, and the number of terms, n, find the sum of each of
the following geometric series. Give your answers to 3 decimal places where appropriate.

a a=4,r=3,n=8 b a=48,r=3,n=14 c a=-1,r=-4,n=12
d a=200,r=0.7,n=20 e a=120,r:—%,n=15 f a=-25,r=12,n=30

5 Evaluate to an appropriate degree of accuracy

a isf b is”l c i(leZr) d i(o.s)r
r=1 r=1 r=1 r=1
10 9 20 9

e 2[12><(%)r] £y (- g > @ h z[zx(—s)f]
r=1 r=1 r=4 r=3

6 The second and third terms of a geometric series are 2 and 10 respectively.
a Find the common ratio of the series.
b Find thefirst term of the series.
¢ Find the sum of thefirst eight terms of the series.

7 The first and fourth terms of a geometric series are 2 and 54 respectively.
a Find the common ratio of the series.
b Find the ninth term of the series.

8 The third and fourth terms of a geometric series are 24 and 8 respectively.
a Find the common ratio of the series.
b Find thefirst term of the series.
¢ Find, to 3 decimal places, the sum of the first 11 terms of the series.

9 Thefirst and third terms of a geometric series are 6 and 24 respectively.
a Find the two possible values for the common ratio of the series.
Given also that the common ratio of the seriesis positive,

b find the sum of thefirst 15 terms of the series.

10 Thefirst and fourth terms of a geometric series are 768 and —96 respectively.
a Find the common ratio of the series.
b Find the tenth term of the series.
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C2 SEQUENCES AND SERIES

Worksheet A continued
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The second and fifth terms of a geometric series are 0.5 and 32 respectively.
a Find thefirst term and common ratio of the series.
b Find the number of terms of the series that are smaller than 10 000.

The sum of the first four terms of a geometric seriesis 130 and its common ratio is 11 .
a Findthefirst term of the series.
b Find the eighth term of the series.

¢ Find the least value of n for which the sum of thefirst n terms of the seriesis greater
than 30 000.

All the terms of a geometric series are positive. The sum of the first and second terms of the
seriesis 10.8 and the sum of the third and fourth terms of the seriesis 43.2

a Find thefirst term and common ratio of the series.
b Find the sum of thefirst 16 terms of the series.

For each of the following geometric series, either find its sum to infinity or explain why this
cannot be found.

a 12+6+3+15+ ... b 270+90+30+10+ ... C 25-30+36—-432+ ...

d 216+144+96+64+... e & +24+14+54 f 500-300+180— 108 +...

25 5 2 ' 8
Find the sum to infinity of the geometric series with nth term

a (09" b 6x (1) c (=3)"* d 40x (0.9)"

A geometric series hasfirst term 80 and common ratio 0.2
a Find the sumtoinfinity of the series.

b Find the difference between the sum to infinity of the series and the sum of thefirst six terms

of the series.

A sequenceis defined by the recurrence relation
Uw1= $U,, N>0, u=1

a Write down thefirst four terms of the sequence.

b Evaluate ) u,.
r=1
The common ratio of ageometric seriesis 0.55 and the sum to infinity of the seriesis 40.
a Find thefirst term of the series.
b Find the smallest value of n for which the nth term of the seriesisless than 0.001

Thesum, S,, of the first n terms of a geometric seriesisgivenby §,=2"-1.
a Find the first term and the fifth term of the series.
b Find an expression for the nth term of the series.

Thefirst three terms of a geometric series are (k + 10), k and (k — 6) respectively.
a Find the value of the constant k.
b Find the sum to infinity of the series.
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( C2 ) SEQUENCES AND SERIES Worksheet B

1 The third and fourth terms of a geometric series are 27 and 20 respectively.
a Find the first term of the series.
b Find the sum to infinity of the series.

2 Thefirst three terms of a geometric series are (k — 8), (k + 4) and (3k + 2) respectively, wherekis
a positive constant.

a Find the value of k.
b Find the sixth term of the series.
c Show that the sum of the first ten terms of the seriesis 50857.3 to 1 decimal place.

3 The second and fifth terms of a geometric series are 75 and 129.6 respectively.
a Show that the first term of the seriesis 62.5
b Find the value of the tenth term of the seriesto 1 decimal place.
¢ Find the sum of thefirst 12 terms of the seriesto 1 decimal place.

4 a Provethat thesum, S,, of thefirst n terms of a geometric series with first term a and
common ratio r is given by

_al-r"
S = 1-r

b A geometric series hasfirst term 2 and common ratio J2.
Given that the sum of thefirst n terms of the seriesis 126(\/5 + 1), find the value of n.

5 Thefirst term of a geometric seriesis 18 and the sum to infinity of the seriesis 15.
a Find the common ratio of the series.
b Find the third term of the series.

¢ Find the exact difference between the sum of the first eight terms of the series and the sum to
infinity of the series.

6 The sum of the first n terms of a geometric seriesisgiven by 5(3" - 1).
a Show that the third term of the seriesis 90.
b Find an expression for the nth term of the seriesin the form k(3") where kis an exact fraction.

]

A student programs a computer to draw a series of straight lines with each line beginning at the
end of the previous one and at right anglesto it. Thefirst lineis 4 mm long and thereafter each
lineis 25% longer than the previous one, so that a spiral is formed as shown above.

a Find the length, in mm, of the eighth straight line drawn by the program.
b Find thetotal length of the spiral, in metres, when 20 straight lines have been drawn.
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C2 SEQUENCES AND SERIES

Worksheet B continued
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The second and fourth terms of a geometric series are 30 and 2.7 respectively.
Given that the common ratio, r, of the seriesis positive,

a find thevalue of r and the first term of the series,

b find the sumto infinity of the series.

10
a Evduae ) 3.
r=3

b Show that i (2" -12r) = 64094.
r=1
A geometric series has common ratio r and the nth term of the series is denoted by uy.
Giventhat u; =64 andthat u;— u, = 20,
a show that 16r°—16r —-5=0,
b find the two possible values of r,
¢ find the fourth term of the series corresponding to each possible value of r.
d Taking the value of r such that the series converges, find the sum to infinity of the series.

A geometric series has first term 4 and common ratio .

a Find the eighth term of the series as an exact fraction.

b Find the nth term of the seriesin the form 2’ wherey is a function of n.
¢ Show that the sum of the first n terms of the seriesis 8 — 2°7".

The sequence of terms ug, Uy, Us, ... isdefined by
u,=4x3", n>1
a Findus.

b Find the smallest value of t such that the sum of thefirst t terms of the sequenceis
greater than 10%°,

The sum of the first and third terms of a geometric seriesis 150. The sum of the second and
fourth terms of the seriesis—75.

a Find thefirst term and common ratio of the series.
b Find the sum to infinity of the series.

Three consecutive terms of an arithmetic series are a, b and (3a + 4) respectively.
a Find an expression for binterms of a.

Given also that a, b and (6a + 1) respectively are consecutive terms of a geometric series and that

aand b areintegers,
b find the values of a and b.

When a ball is dropped onto a horizontal floor it bounces such that it reaches a maximum height

of 60% of the height from which it was dropped.

a Find the maximum height the ball reaches after its fourth bounce when it isinitialy dropped

from 3 metres above the floor.

b Show that when the ball is dropped from a height of h metres above the floor it travels a total

distance of 4h metres before coming to rest.
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{ C2> SEQUENCES AND SERIES Worksheet C

1 Expand each of the following, simplifying the coefficient in each term.
a (1+x* b (1-x)° c (1+4x?® d (1-2y)°
e (1+3%* o+ 3y g (1+x)° (1=

=y

2 Expand each of the following, simplifying the coefficient in each term.
a (x+y)’ b (a-b)° c (x+2y)° d @2+y)
e (3-x° f(5+29* g (3-4y)° B+ 3%°

=y

3 Find the first four terms in the expansion in ascending powers of x of

a (1+x%° b (1-x)° c (1+2x)°® d (1-1x’

e (1+x3° f 2+x° g 3-x' h (2+5x)%
4 Find the coefficient indicated in the following expansions.

a (L+x%®  coefficient of 3 b (1-x)*  coefficient of x*

c (L+4x)° coefficient of X* d (1-3y)*, coefficient of y*

e (1-1x% -coefficient of x* f (1-1%" coefficient of X°

g (1+ 2%, coefficient of X’ h (1+y)®  coefficient of y°

5 Express each of the following in the required form where a and b are integers.
a (1+ +/5)% intheform a+ b5 b (1-+3)" intheform a+b+/3
c (2+ +/2)% intheform a+ b2 d (1+2+3)" intheform a+b+/3

6 a Expand (1 + x)° in ascending powers of x up to and including the term in x°, simplifying
each coefficient.

b By substituting a suitable value of x into your answer for part a, obtain an estimate for
i 1.02° i 0.99°
giving your answers to 4 decimal places.

7 a Expand (1 + 2y)® in ascending powers of y up to and including the termin y?, simplifying

each coefficient.

b By substituting a suitable value of y into your answer for part a, obtain an estimate for
i 0.98° i 1.01°
giving your answers to 4 decimal places.

8 Expand and simplify
a (L+x*+(1-x* b (1-1x°-(1+1ix°

9 The coefficient of X% in the expansion of (1 + ax)* in ascending powers of x is 24, where a is
aconstant and a< 0. Find

a thevaueof a,
b the value of the coefficient of 2 in the expansion.
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{ C2> SEQUENCES AND SERIES Worksheet D
1 Expand
a (1+3x* b (2-x)° c (3+103)° d (a+2b)°
e (¢-y) f 5+ 4%’ g (x+ ) h (- 3)°

2 Find the first four termsin the expansion in ascending powers of x of

a (1+3x° b (1-1x° c (5-%' d (3+24)Y
3 Find the coefficient indicated in the following expansions

a (L+x®, coefficient of 3 b (1-2x%, coefficient of x*

c (83+x)",  coefficient of x* d (2-y)°,  coefficient of y°

e (2+t%%  coefficient of t*° f (1- %)9, coefficient of x>

4 a Express (J_ —\/5)4 intheform a+b+10, wherea,be Z.

b Express (/2 + %)3 intheform a+/2 +b+/3, wherea,be Q.

c Express (1+ +/5)°—(1—+/5)° intheform a+/5, whereacZ .

5 a Expand(1+ g)m in ascending powers of x up to and including the term in x°, simplifying
each coefficient.
b By substituting a suitable value of x into your answer for part a, obtain an estimate for
i 1.005" i 0.996"
giving your answers to 5 decimal places.
6 a Expand (3 + x)® in ascending powers of x up to and including the term in x*, simplifying
each coefficient.
b By substituting a suitable value of x into your answer for part a, obtain an estimate for
i 3.001° i 2.995°
giving your answersto 7 significant figures.

7 Expand and simplify

a (1+10x)*+ (1-10x)* b 2-1x°-(2+1x)’
C (1+ay(+y) d (1-xL+ )
8 Expand each of the following in ascending powers of x up to and including the term in »C.
a (L+x)(1-3x" b (1-2x)(1+x)®
c L+x+xdA-x° d (1+3x=—x)(1+2x)’

9 Find the term independent of y in each of the following expansions.

a (y+ 1) b (y-1)~ c (2 +y° d @y-5)°
Yy y y

2y
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C2 SEQUENCES AND SERIES Worksheet D continued
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The coefficient of x* in the binomial expansion of (1 + 2x)", where nis apositive integer, is 1.6
a Find the value of n.
b Use your value of n to find the coefficient of x* in the expansion.

Giventhat y; = (1—2x)(1+x)"® and y, = a¢ + bx + ¢ and that when x is small, y, can be used
as an approximation for y;,

a find the values of the constants a, b and ¢,
b find the percentage error in using y, as an approximation for y; when x = 0.2

In the binomial expansion of (1 + px)9, where p and g are constants and g is a positive integer, the

coefficient of x is—12 and the coefficient of x* is 60.
Find

a thevalue of p and the value of q,

b the value of the coefficient of 2 in the expansion.

a Expand (83— g)lz asahbinomial seriesin ascending powers of x up to and including the term
in X, giving each coefficient as an integer.

b Use your series expansion with a suitable value of x to obtain an estimate for 2.998%, giving
your answer to 2 decimal places.

a Expand (1—x)° asabinomial seriesin ascending powers of x.

b Express (/3 +1)(v/3 =2) intheform A +B+/3, whereA BeZ.

¢ Hence express each of the following in theform C + D+/3, whereC,De Z.
i (V3 +1I(V3-2°
i (V3 +1%3-2)°

a Expand (1+ g)g in ascending powers of x up to and including the term in x*.

Hence, or otherwise, find

b the coefficient of x° in the expansion of (1 + 2)9—(1— g)g,

c thecoefficient of x* in the expansion of (1 + 2x)(1 + g)g.

The term independent of x in the expansion of (x> + X% )°is—80.

Find the value of the constant a.

In the binomial expansion of (1 + %)”, where k is anon-zero constant, nisan integer and n> 1,

the coefficient of X is three times the coefficient of x°.
a Showthat k=n-2.
Givenasothatn=7,

b expand (1 + %)” in ascending powers of x up to and including the term in x*, giving each

coefficient as afraction in its simplest form.
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( C2 ) SEQUENCES AND SERIES Worksheet E

1 Expand (1 + 4x)* in ascending powers of x, simplifying the coefficients. (@]

2 A geometric series hasfirst term 3 and common ratio —2.

a Find the fifth term of the series. 2
b Find the sum of the first ten terms of the series. 2
c Show that the sum of the first eight positive terms of the seriesis 65 535. (4)
3 a Expand (1 + 3x)’ in ascending powers of x up to and including the termin x*,
simplifying each coefficient in the expansion. 4
b Use your series with a suitable value of x to estimate the value of 1.03’ correct to
5 decimal places. 3
12
4  Evauate > 2. 4
r=3
5 a Expand (2 + x)°, simplifying the coefficient in each term. (@)
b Hence, or otherwise, write down the expansion of (2 —x)°. D
¢ Show that

(2++/5)°~(2-+5)°=k+5,

where k is an integer to be found. 4

6 Ginny opens a savings account and decides to pay £200 into the account at the start of
each month. At the end of each month, interest of 0.5% is paid into the account.

a Find, to the nearest penny, the interest paid into the account at the end of the

third month. ()]
b Show that the total interest paid into the account over the first 12 monthsis £79.45
to the nearest penny. 5)

7 Find the first four termsin the expansion of (1 — 3x)® in ascending powers of x,
simplifying each coefficient. (4

8 a Provethat thesum, S,, of thefirst n terms of a geometric series with first term a and
common ratio r isgiven by

— al-r")
S 1-r (4)
b Find the exact sum of thefirst 16 terms of the geometric series with fourth term 3 and
fifth term 6. (5)
9 a Write down the first three termsin the binomial expansion of (1 + ax)", wherenisa
positive integer, in ascending powers of Xx. 2
Given that the coefficient of X° is three times the coefficient of X,
b showthat n= 9F2 (4)
a

Givenalsothat a= %,

¢ find the coefficient of X in the expansion. (©))
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C2 SEQUENCES AND SERIES
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Find the first three terms in the expansion of (2 + 5x)° in ascending powers of X,
simplifying each coefficient.

Thefirst term of a geometric seriesis 162 and the sum to infinity of the seriesis 486.
a Find the common ratio of the series.

b Find the sixth term of the series.

¢ Find, to 3 decimal places, the sum of the first ten terms of the series.

Expand (1 + 3x)* in ascending powers of x, simplifying the coefficients.

T 9

Find the coefficient of x* in the expansion of
(1+4x—x)(1 + 3x)*
In a computer game, each player must complete the tasks set at each level within a

fixed amount of time in order to progress to the next level.

Thetime allowed for level 1 is 2 minutes and the time allowed for each of the other
levelsis 10% less than that allowed in the previous level.

a Find, in seconds, the time allowed for completing level 4.
b Find, in minutes and seconds, the maximum total time allowed for completing the first

12 levels of the game.

Given that
1+ 2)8(1—x)651+Ax+ B+ ...,

find the values of the constants A and B.

The terms of a sequence are defined by the recurrence relation
Uu=2U_, r>1, u,=6.
a Write down thefirst four terms of the sequence.

10
b Evaluate ) u.
r=1

a Expand (1 + x)* in ascending powers of x.
b Hence, or otherwise, write down the expansion of (1 —x)* in ascending powers of x.
¢ By using your answersto parts a and b, or otherwise, solve the equation
(L+x)*+(1-x"=82,
for real values of x.

The common ratio of ageometric seriesis 1.5 and the third term of the seriesis 18.

a Find thefirst term of the series.

b Find the sum of the first six terms of the series.

¢ Find the smallest value of k such that the kth term of the seriesis greater than 8000.

Thefirst two termsin the expansion of (1 + % )0+ (1 + bx)™, in ascending powers of X,
are 2 and 90x%.

Given that a < b, find the values of the constants a and b.
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C2> SEQUENCES AND SERIES Worksheet F
1 Thefirst and fourth terms of a geometric series are 108 and 32 respectively.
a Find thethird term of the series. 5)
b Find the sum to infinity of the series. 2
2 Expand (1 — 2X)° in ascending powers of x, simplifying each coefficient. (@)

3 Aninternet site has 3600 subscribers at the start of a promotional campaign.

In amodel of the results of the campaign, it is assumed that the site will gain 200 new
subscribersin the first week and that in subsequent weeks the number of new subscribers
will be 15% greater each week.

a Show that, according to this model, the site will gain 304 new subscribersin the fourth

week of the campaign. 2
b Find the total number of subcribersto the site predicted by the model after ten weeks
of the campaign, assuming that no subscriptions are cancelled in this period. 5)
4 a Find thefirst three terms in the expansion of (1 + 4x)” in ascending powers of x. (©)]

b Hence, find the coefficient of X% in the expansion of
(1+ 251+ 4x)". ©)

5 a Write down thefirst four termsin the expansion in ascending powers of x of (1 + E)Z“,

where k is anon-zero constant, nisaninteger and n > 1. (@]
Given that the coefficient of 2 is half the coefficient of x°,
b show that 3k=4(n-1). 3
Given also that the coefficient of xis 2,
¢ find thevaluesof nand k. (©))

6 The second and third terms of a geometric series are J6 and 32 respectively.

a Find, insurd form, the first term and the common ratio of the series. (@]
b Show that the sum of the first eight terms of the seriesis 40v/2 (+/3 + 1). (4)
9
7  Evauate Y @ -1). (5)
r=1
8 a Find the first four termsin the expansion of (1 + 2x)° in ascending powers of x. (@]
b Show that, if termsinvolving x* and higher powers of x may be ignored,
(L+2x)°+ (1-2x)° =2+ 288%. (3)
¢ Hencefind the value of
1.002° + 0.998,
giving your answer to 7 significant figures. 2
9 Given that
(k—=x)’=a—-bx+bdl+ ...,
find the values of the positive integers a, b and k. @)
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Expand (3 + 2X)* in ascending powers of x, simplifying the coefficients.

Thefirst term of a geometric seriesist and the sum to infinity of the seriesis 3t.
a Find the common ratio of the series.

Given also that the sum of the first four terms of the seriesis 130,

b find thevalue of t.

a Expand (1 - 2x)* in ascending powers of x, simplifying the coefficients.
b Hence, or otherwise, find the coefficient of y? in the expansion of
(1+4y-2y)*
A company buys a new car for £12 000 at the start of one year. In amodel, it is assumed
that each year the value of a car decreases by 25% of its value at the start of that year.
a Show that the value of the car after four yearsis £3800 to 3 significant figures.
The company plansto buy one new car for £12 000 at the start of each subsequent year.

b Using the same model, find the total value of all the cars the company will have bought
under this plan immediately after the purchase of the eighth car.

The polynomial p(x) is defined by
P = (x+3)* = (x+ 1)*,
a Show that (x + 2) isafactor of p(x).
b Fully factorise p(x).
¢ Hence show that thereis only one real solution to the equation p(x) = 0.

fX)=(1-x)(1+2¥", neN.
Given that the coefficient of x* in the binomial expansion of f(x) is 198, find
a thevaueof n,
b the coefficient of X° in the expansion.

Expand (g —x)*in descending powers of x, simplifying the coefficient in each term.

Thesum, S,, of thefirst nterms of a seriesis given by
S=3-1
a Show that the fourth term of the seriesis 54.

b Show that the nth term of the series can be expressed in the form k(3") wherekisan
exact fraction to be found.

¢ Provethat the seriesis geometric.

An arithmetic series has first term 3, second term x and fourth termy.

a Find an expression for y in terms of x.

Given also that 3, x and y are the first, second and fourth terms respectively of a geometric
series,

b show that x*—27x + 54 =0,

c by first finding alinear factor of x®— 27x + 54, find the two possible values of x.
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