INTERNATIONAL A LEVEL

Pure Mathematics 2

Exercise 1C

1 a fx)=4x-3x2—1
f(1)=4(1)> - 3(1)* -1
—4-3-1
=0
So (x — 1) is a factor of 4x> — 3x> — 1.

b f(x)=5x*—45x> — 6x — 18
f(—3) = 5(-3)* —45(-3)* — 6(-3) — 18
=5(81)—4509)+ 18— 18
=405 —-405
=0
So (x + 3) is a factor of
Sx* — 45x% — 6x — 18.

¢ fx)=-3x+13x>—6x+8
f(4)=-3(4)° + 13(4)> — 6(4) + 8
=-192+208 —24 + 8
=0
So (x — 4) is a factor of
—3x® + 13x* — 6x + 8.

2 fx)=x>+6x"+5x—12
f(1)= (1) +6(1)*+5(1)— 12
=1+6+5-12
=0

So (x — 1) is a factor of x* + 6x% + 5x — 12.

X +7x+12
x—1> X +6x% +5x—12

X —X

7x* +5x

Tx* —Tx
12x—12
12x—12

0
o2+ 5x—12=(x—1)(x*+7x+12)
=(x—Dx+3)(x+4)

Solution Bank

@ Pearson

3 flx)=x*+3x>—33x—35
f(-1)=(-1)*+3(-1)> - 33(-1) - 35
=-1+3+4+33-35
=0
So (x + 1) is a factor of
x° + 3x% — 33x — 35.
x> +2x-35

x+1> X +3x% —33x =35

X +x°
2x* —33x
2x> +2x
—-35x-35
—35x-35
0

¥ +3x2—33x—35=(x+ 1)(x* + 2x — 35)
=@x+Dx+7)(x—5)

4 f(x)=x>+7x*+2x+40
f(5) = (5)° + 7(5)2 + 2(5) + 40
=125-175+10 +40
=0
So (x — 5) is a factor of x* + 7x% + 2x + 40.

x*=2x-8

x—5> X —7x% +2x+40

x =5x°
-2x% +2x
—2x° +10x
—8x+40
—8x+40

0
X =T+ 2x+40=(x —5)(x* —2x—8)
=x=5x—4x+2)
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5 fx)=2x>+3x>—18x+38
f(2) =2(2)° +3(2)* — 18(2) + 8
=16+12-36+8
=0
So (x —2) is a factor of 2x> + 3x*> — 18x + 8.
2x* +7x—4
x—2> 20 +3x% —18x +8

2x° —4x°
7x> —18x
Tx> —14x
—4x+8
—4x+8

0

2x>+3x* — 18x + 8
=(x— 2)(2x2 +Tx —4)
=(x—2)2x—1)(x+4)

6 f(x) =2x" +17x> +31x-20
By the factor theorem, if (2x — 1) is a factor of

2x° +17x* +31x—20 then f(%jzo.
3 2
f(ljzz(ij +17(lj +31(1)—2o
2 2 2 2
=2 1 +17 1 +31 1 -20
8 4 2

=g 1_74_2_20
8 4 2
1,17 62 80
4 4 4 4
=0

Therefore (2x — 1) is a factor of
2x° +17x% +31x =20

Solution Bank

@ Pearson

7 a f(x)=x>—10x>+19x + 30
f(—1) = (—1)* = 10(=1)* + 19(-1) + 30
=-1-10—19+30
So (x + 1) is a factor of
x® — 10x% + 19x + 30.

X2 —11x+30
x+l> x* —10x> +19x + 30

3 2
X +Xx

—11x* +19x

—11x* —11x
30x+30
30x+30

0
x® —10x% + 19x + 30
=@+ 1)(x* — 11x + 30)
=(x+ DE-—5)(x—06)

b fx)=x+x*—4x—4
f=1) = (1) + (1)’ —4(-1) - 4
— 1 +1+4-4
=0
So (x + 1) is a factor of x* + x> — 4x — 4.

x’ -4

x+1> X +x*—4x—4

x*+x’
0 —4x-4
—4x-4
0

FAx—dx—4=x+1)x*—4)
=(x+Dx—-2)(x+2)
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7 ¢ fx)=x—4x*—11x+30
f2)=(2)* —4(2)* - 11(2) + 30
=8—-16—-22+30
=0
So (x — 2) is a factor of
¥ —4x? — 11x + 30.

x> =-2x-15
x—2> ¥ —4x2 —11x+30

X —2x"
-2x* —11x
-2x" +4x
-15x+30
—15x+30

0
¥ —4x?—11x+30=(x—2)(x* —2x — 15)
=(x—-2)x+3)(x—5)

8 ai f(x)=2x"+5x*—4x—-3
f(1)=2(1> +5(1)>—4(1) -3
=2+5-4-3
=0
So (x — 1) is a factor of
2x3 4+ 5x% — 4x — 3.

2x* +7x+3
x—1> 208 +5x% —4x—3

2x° —2x°
Tx* —4x
7x> =Tx
3x-3
3x-3
0
y=2x+5x —4x -3
=@x—1)Q2x*+7Tx+3)
=(x—1D2x+ 1)(x+3)

Solution Bank

@ Pearson

8 aii 0=(x—1D2x+1D(x+3)
So the curve crosses the x-axis at (1, 0),
(=3, 0)and (-3, 0).
When x =0, y=(—1)(1)(3)=-3
The curve crosses the y-axis at (0, —3).
X— 00,y — 0
X— —00,y — —©

VA

-3 -%\\O/l X
-3

8 bi fx)=2x-17x*+38x—15
f(3)=2(3)> — 17(3)* +38(3) — 15
=54—-153+114-15
=0
So (x — 3) is a factor of
2x3 —17x% + 38x — 15.

2x2 —11x+5
x—3> 20 —17x% +38x—15

2x° —6x°
—11x*+38x

—11x" +33x
5x—-15
5x—15

0
y=2x>—17x*+38x — 15
=x—-3)2x*—11x+5)
=x—-3)2x—D(x—9)
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8 cii 0=(x+1DGBx—-DH(x+2)
So the curve crosses the x-axis at
(-1, 0), (5, 0)and (-2, 0).
Whenx=0,y=(1)(-1)(2)=-2
The curve crosses the y-axis at (0, —2).
X— 00,y — 0

Pure Mathematics 2

8 bii 0=(x—3)2x—DH(x—5)
So the curve crosses the x-axis at (3, 0),
+,0)and (5, 0).
When x =0, y=(-3)(-1)(-5)=-15
The curve crosses the y-axis at (0, —15).
X— 00,y — 0

X—> =X,y —>—® X — —00,y — —0

ya VA
of I 3 5 /\
) —1‘\0//% X
-2
-15

8 ¢ i f(x)=3x+8 +3x 2 8 di fx)=6c+11x 3x—2

f(—1) = 3(~1)* + 8(-1)2 + 3(-1) - 2

=-3+8-3-2
=0
So (x + 1) is a factor of
33+ 8x? +3x — 2.

f(=2) = 6(=2) + 11(=2)? — 3(-2) — 2

=—48+44+6—-2
=0
So (x + 2) is a factor of
6x° + 11x% — 3x — 2.

3x2 +5x-2

6x> —x—-1
x+1> 3x° +8x% +3x -2

x+2> 6x° +11x% —3x—2

3 435 32‘2 6x° +12x°
s
- —x>—2x

—2x-2 o9
—2x—2 o9
0 0

y=3x>+8x*+3x—-2
=@+ D@Bx?+5x—2)
=(x+DBx—D(x+2)

y=6x"+11x*—3x -2
=@x+2)(6x*—x—1)
=x+2)Bx+1D2x—1)
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8 dii 0=(x+2)3x+1)2x—1)
So the curve crosses the x-axis at
(=2,0), (=3, 0)and (3, 0).
Whenx=0,y=2)(1)(—1)=-2

The curve crosses the y-axis at (0, —2).

X —00,) — 00
X— —00,y — —©

y‘\

g

8 e i flx)=4x"—12x>—7x+30
f(2) =4(2)* — 12(2)> - 7(2) + 30
=32-48—-14+30
=0
So (x — 2) is a factor of
4x3 — 12x* — Tx + 30.

4x* —4x—15
x—2> 4x> —12x% = Tx +30

4x’ —8x’
—4x* —Tx
—4x” +8x
—15x+30

—15x+30

0
y=4x>—12x*> — 7x + 30

=(x—2)(4x*—4x —15)

=(x—2)2x+3)2x—5)

Solution Bank @Pearson
8 e ii 0=(x—2)2x+3)2x—5)

So the curve crosses the x-axis at (2, 0),
(—%,0)and (3, 0).

When x =0, y=(-2)(3)( —5) =30

The curve crosses the y-axis at (0, 30).
X— 00,y — 0

X— —00,y — —©

/3 0 2'\/'i X
2 2

9 f(x)=2x"+5x"—4x-3

By the factor theorem, if (x — p) is a factor of
2x +5x* —4x -3 then f(p) = 0
Try some different values of x until you find
fi(p)=0
f1)=2(1) +5(1)" -4(1)-3

=2+5-4-3

=0
Therefore (x—1)is a factor of
2x* +5x* —4x -3
Either divide or factorise out (x — 1)

2x° +7x+3

x—1>2x3 +5x> —4x-3

2x® —2x°
Tx* —4x-3
7x* —Tx
3x-3
3x—-3
0

So

2%’ +5x* —4x-3 z(x—l)(2x2 +7x+3)
Now factorise the quadratic

(207 + 7x+3) = (2x+1)(x+3)

So
2x° +5x% —4x-3 =(x—1)(2x+l)(x+3)
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10f(x) =5 —9x*+2x +a
f(1)=0
5(1° =9(1)* +2(1)+a=0
5-9+2+a=0
a=?2

11 f(x) = 6x° — bx* + 18
f(-3)=0
6(—3)° —b(-3)*+18=0
-162-9h+18=0
9b =-144
b=-16

12 f(x) = px® + gx? —3x — 7
f(1)=0
p(1)* +¢(1* =3(1)=7=0
ptq—-3-7=0
ptqg=10

f(-1)=0
p(=1) +q(-1 =3(-1) = 7=0
p+q+3-T7=0
-ptqg=4

(1) + (2):
2¢g =14
q="7
Substituting in (1):
pt+7=10
p=3
Sop=3,9g=7

13 f(x) = cx® + dx* —9x — 10
f(-1)=0
c(-1)P’+d-=1-9(-1)-10=0
—c+d+9-10=0
d=c+1

f(2) =0
c2) +d(2)* - 9(2) - 10=0
8c+4d—18-10=0
8c+4d—28=0
8c +4d = 28

Substituting (1) in (2):
8c+4(c+1)=28
12c+4=28
c=2
Substituting in (1):
d=2+1=3
Soc=2,d=3

Solution Bank

(1)

2)

1)

2

@ Pearson

14 f(x)sz3+qx2+9x—2

Since (x - 1) and (2x - 1) are factors of f(x),
then by the factor theorem
f(1)=p(1) +¢(1) +9(1)-2=0

p+q=-7 a
and
1 1Y 1Y 1
fl=|=p|=| +q|=| +9] = |-2=0
(2] ptzj q(zj (2)
1 1 5
—pt—g=—= 2
Sp 4q > ?2)

To solve the simultaneous equations in p and
g, first multiply equation (2) by —4
1
—5p=4=10 (&)
Then add equations (1) and (3)
p+rq=-7

1
= p-q=10
SP=4

p =6
When p=6, g=-13.
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15 f(x) = gx* + hx* — 14x + 24
f(-2)=0
g(2P + h(-2)*—14(-2)+24=0
—8g+4h+28+24=0
—8g+4h+52=0
h=2g—-13 (1)

f3)=0
g3’ +h(3)’ - 14(3)+24=0
27g+9h—42+24=0
27g+9h =18 ()

Substituting (1) in (2):
27g+9(2g—13)=18
45g =135
g=3
Substituting in (1):
h=23)—13=-7
Sog=3,h=-7

16a f()c)=3x3+bx2 —-3x-2

Since (3x+2) is a factor of f(x), then by

the factor theorem

(A3 A3
EIRUEE

—§+ib+2—2=0
9 9

ibzﬁ sob=2
9 9

b f()c):3x3 +2x° —3x-2
(3x+2)is a factor of 3x° +2x” —=3x-2

Either divide or factorise out (3x + 2)
x -1
3x+2)3x 422" =332

3x° +2x°
-3x-2
3x+3
0

So

3% +2x° —3x—2=(3x+2)(x* -1)
Now factorise the quadratic

(x2 —1) = (x+1)(x—1) So

3% +2x° =3x-2 :(3x+2)(x+1)(x—l)

Solution Bank

@ Pearson

17a f(x)=3x>—12x* + 6x — 24
f(4)=3(4)* — 12(4)> + 6(4) — 24
=192-192+24—-24
=0
So (x — 4) is a factor of f(x).

3x°+6
b x—4>3x3—12x2+6x—24

3 - 124
0+6x—24
6x—24
0
f(x) = (x — 4)(3x* + 6)
x—4HBx*+6)=0
Using the discriminant for 3x* + 6:
b*—4dac=0-4(3)6)=-72<0.
Therefore 3x% + 6 has no real roots, so f(x)
only has one real root of x = 4.

18a f(x)=4x+4x>—11x—6
f(—2) =4(-2) +4(2)* - 11(-2) -6
=-32+16+22—-6
=0
So (x + 2) is a factor of f(x).

4x* —4x-3
18b x+2>4x3+4x2—11x—6

4x’ +8x°
—4x* —11x
—4x* —8x
—3x-6
—3x=6
0

o) = (x + 2)(4x% — 4x — 3)
=(x+2)2x—3)2x+ 1)

¢c 0=(x+2)2x—3)2x+1)
The solutions are x =—2, x = 5 and

=1
X -

19a f(x)=9x*—18x> —x* + 2x
f2) =9(2)* - 18(2)° — (2)* + 2(2)
=144—-144-4+4
=0
So (x — 2) is a factor of
Ox* — 18x> — x% + 2x.
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Oy’ —x Challenge
19b x—2>9x4 —18x° —x* +2x a f(x)=2x"-5x—42x>-9x+54=0
9x* —18x" f(1)=2(1)" =5(1)’ —42(1)" =9(1) + 54
0—x"+2x =2-5-42-9+54
—x’ +2x =0
0 f(-3)=2(-3)" =5(-3)’ —42(-3)" —9(-3)+54
Ox* — 18x° —x? + 2x
e Pl =2(81)—5(-27)—42(9)-9(-3)+ 54
= x(x — 2)(9 — 1) —162+135-378+27 +54
=x(x—2)Bx+ 1)3Bx—1) —0
0=ux(x— 2)(396 +DBx—1) 1 b (x-1) and (x+3)are factors of
The 1solutlons arex=0,x=2,x=—% and 25t — 5% — 4252 — Qx4 54
T3 so (x—1)(x+3)=x"+2x—3 must also be a
factor
Either divide or factorise out (x* +2x—3)
2x> —9x—18

x2 +2x—3>2x4 —5x° —42x> —9x+ 54

2x* +4x° —6x°
—9x* —36x> —9x
9x’ +18x> —27x
18x* —36x + 54

18x% —36x+54
0

So
2x* —=5x* —42x* —9x + 54

= (x—1)(x+3)(2x* -9x-18)
Now factorise the quadratic
(22" =9x—18) = (2x+3)(x—6)
2x* —5x7 —42x" —9x + 54

= (x—l)(x+3)(2x+3)(x—6)

x=1l,x=-3, x=——,x=6
2
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