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1. For ALL APPLICANTS.

For each part of the question on pages 3-7 you will be given four possible answers,
just one of which is correct. Indicate for each part A-J which answer (a), (b),
(¢), or (d) you think is correct with a tick (v') in the corresponding column in the
table below. Please show any rough working in the space provided between the
parts.
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A. The area of the region bounded by the curves y = 2% and y = = + 2 equals

(a)g (b)% % (d)%
2 1 1 %2.:,”._‘2
n 3:1{* _’Lz_n_z =0
y:n? and y= 12 meet o ML, %

1

: 1y
. when Nel, Y:
2 when «nz=-1,9%)

Aveo reguived ® f ntldn - j ntdn

punan) [2° 1.

S R [ T
cE5x3-[%-(9)]
-5 .
= 2 3
-2
B. The smallest value of the function 2
f(z)=22"—92° + 122 + 3

in the range 0

(a) 1 y v(b’é (c) 5 () 7

fln):= 2m 3.quttiam+3
flim) = 6m*-13m 112 =0
2 M -1)=0
7| ¢ (m-2) )

-turm'\nﬁ piints at m=1 (max) and n=2 (min)

Lowest point i the range 0 S & 2 either af w=0 or m=2
Man=2,fm):=7. At m=0,f(n)=3
smallest value of f(n) s 3

Turn Over
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C. What is the reflection of the point (3,4) in the line 3z + 4y = 507
f9.12) (b) (6,8) (c) (12, 16) (d) (16,12)
gradsent = .—.f-
- grodient of novmal = '3"
y: -} ®n tC
y=utc =0
when 3‘-%‘“
3m 4y (5 ) =60
n6 3:8
(6,§) is the midpoint Of(g;"l')" the refiection
. reflection is (1,12)

D. The equation 23 — 302% + 108z — 104 = 0 P

(a) no real roots;

(b) exactly one real root;

\Ejr)ghree distinct real roots; — s n
a repeated root. A 2 v

let yem - 300 4108w -10¥ =0

%%l : 3n?-60ut103:0
(m?-20m+ 36):0
3(u-18)(m-2)=0

furning poiv\fs ot n=18, n=1
when =2, Y40 A turning point occuvs when Y=0

. 1heve is o repeated voot at m=2
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E. The fact that
6 x 7 =42,

is a counter-example to which of the following statements?

(a) the product of any two odd integers is odd;

M if the product of two integers is not a multiple of 4 then the integers are not consec-
utive;
(c) if the product of two integers is a multiple of 4 then the integers are not consecutive;

(d) any even integer can be written as the product of two even integers.

Both 6 and 7 ave infegers and their produwct (42) is not o muitiple of 4,
fulfiting the initial conditions of statement b. However, 6 and 7 ave
canse cutive , meaning b vs proved to be incorvect b'j 6x7=y1

F. How many values of = satisfy the equation
2cos’z + 5sinx = 4
in the range 0 < z < 277

\}A’(Q (b) 4 (c) 6 (d) 8

2co32n 1 65s5inu =4

2 (I-sin?n) 4+ 5simn = Y (CosIn +Sinn=1)
2sintn ~5sinm + 270
(28mn-] ) [ sinm-2)=0

SN Ji- Sih'ﬂ. oA
) no solutions 1
2 solutjons 2

the rmse ve gm‘ved

a
v

m

Turn Over
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G. The inequalities 22 4+ 3x + 2 > 0 and 22 + x < 2, are met by all z in the region:

nit 3nt2 >0 ntn-2<0
(m+2) (m 1) >0 (m+2)(m-1) <0
N 7-1 or -2 -2<n<|

T
-2
The vange of valnes f‘ml'fill'mg bofh inequalities is -] <n <1

7/

/s
\

H. Given that
log,u2 = 0.3010 to 4 d.p. and that 10°2 < 2

it is possible to deduce that

(a) 2% begins in a 1 and is 30 digits long;

(b) 2'% begins in a 2 and is 30 digits long;
2190 hegins in a 1 and is 31 digits long;
(d) 2% begins in a 2 and is 31 digits long.

log,e 2 = 0.3010
100 log,q 2 = 30.1
109,0 2'% = 30.] 510" begins with |
PR 9 100 103% is 1 followed by 30 zevos
2'9% 10" <10 w103 is 31 digits
.. 2'%° begins with I and is 3. digifS

. 0.2
10°%<10% <10 ¢ 2

-\

"
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I. The power of x which has the greatest coefficient in the expansion of (1 + %m) s

W o ©F @ oL
Tne coefficient of each Powev of »n will eq'ual r_‘.m'v)i ¥
wheve r is the power of n

r coefficient
2 Bﬂi 'n.3 has the gveatest coefficient in ine
é 2: expanSion of (+gn)¥
10 1
2%

J. A sketch of the curve with equation 2?y? (x 4+ y) = 1 is drawn in which of the following

diagrams?
~. ~,
< x

\JL -
O

n? Z"“U)"l when n=0, ihe gq,ua’(ion has no soiwfrons ,
J eliminating a and b

when n=-l
y2(-1+y) =1 as 1ty ?>0 inis eliminateS d (when w<0, Y<0)
3 le i n<0, y>0
"9”"33:' y 770 while m ¢ , when o P
ngslfﬂ‘t and Y»>0

g
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2. For ALL APPLICANTS.
(i) Show, with working, that

23 — (14 cosf + sin ) 2° + (cos O sin @ + cos § + sin @) x — sin @ cos 6, (1)

equals
(z — 1) (#* — (cos 0 + sin ) x + cos O sin 6)

Deduce that the cubic in (1) has roots

1, cos 6, sin 6.

(ii) Give the roots when 6 = %.

(iii) Find all values of 0 in the range 0 < § < 27 such that two of the three roots are
equal.

(iv)What is the greatest possible difference between two of the roots, and for what values
of # in the range 0 < 6 < 27 does this greatest difference occur?

Show that for each such 0 the cubic (1) is the same.
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9.\ Iz - (cosé« siné):x: 4+ Cosdsing
(SC -1) Yxs - (e cosdrsind)ac? & (msésmé + cosd 4 sind) X ~Sindcosd
~x? +x? . y
2rsind) x? * (cosés‘mé rcosdrsind) x - Sindcos
- &S )
“-(zz:sé* S'il’\é) 3 - (Cos.ﬁi— sind)ae
(C,,,,Qsm.g)x - sindcosd

- (cosésmé)nc + cosdsind

—_—

o
1) (ac* = (cosd+ sind)oc + cosdsind)= 0

%‘;‘ (%" cosd)(x- sind)= 0

coqts are ), €038, sind

I E
. Q:% roots off \, - 2
-sinQ
= sind= 1\ cosd=Sin
i, cosd=| i e e
4=¢ 2 3. fr, 58
% %
A=O)%)%')ig

v, 1gsind ¢ “‘$c°s“;s-\ue difioenca betwan roOFS 1S d.
1_(_‘)=Q' 8(90.‘\93* > Qr\d whon C,OS‘A-

When Sind=-1, cosd# |

o‘tﬂa’:es¥ dijference whan Sind
6:3_5! atv A=ﬂ'
Z

oo\ ov cost=-l,

e cukic 1S (z-t)(:mx)(x-o)

whan 6'—13&, sinéz-\,COSA:O and _iix
Z
o o wbic is (- D(x-9)
Whan 4=, 5ind= 0, gasd ‘ :(_—x_!...x

:. \or each A Y cubic (1) is fhe same
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MATHEMATICS

MATHEMATICS & STATISTICS
For APPLICANTS IN ¢ Vi ATHEMATICS & PHILOSOPHY ONLY.

MATHEMATICS & COMPUTER SCIENCE
Computer Science applicants should turn to page 14.
In this question we shall consider the function f (x) defined by
flx)=2"—2pzr+3
where p is a constant.

(i) Show that the function f (x) has one stationary value in the range 0 < = < 1 if
0 < p < 1, and no stationary values in that range otherwise.

In the remainder of the question we shall be interested in the smallest value attained by
f (z) in the range 0 < x < 1. Of course, this value, which we shall call m, will depend
on p.

(ii) Show that if p > 1 then m =4 — 2p.
(iii) What is the value of m if p < 07
(iv) Obtain a formula for m in terms of p, valid for 0 < p < 1.

(v)Using the axes opposite, sketch the graph of m as a function of p in the range
—-2<p<2
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3. g(x)zxz—apx+3
4 =dx -dp=0 .
?(x) .‘E:P at Stationar \)o\n‘\‘ |
Since 0<x <1 fhare S one stationasy valua ‘\/
O<‘;::( g‘?‘SP:’;Pz\Am osfe NO S’t‘O\Hmafg\Vu\)ues "
y ’ X equal P
mnoe 0<x<1 (as 5 s e
{\'.ﬂ[;mé \, no srakonar Val@ %ﬂw é‘%\gaq 35@,&5%3
and p is POSIHVE, moldno g

e this mnqe - m ocewsy ab x= |

m= 2= xpx +3
m= % -ap . . e
(ii. p«o, no Stationory valuy ot 'Wulk_f'tm WLS\ “gc.*:m\
and.  is M.gfk\'\ e or zeto, makio |

{nceasing un - this fonge. - Wh OLRLS a% mon
m:o-anQ*’g

m=3
V. meoxt-Qpxa3 X=P
m= pr-2pr+3
m= 3"?2
V., T
o)
grnte ————j—|\‘\

\
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4.
MATHEMATICS

For APPLICANTS IN ¢ MATHEMATICS & STATISTICS ONLY.
MATHEMATICS & PHILOSOPHY

Maths € Computer Science and Computer Science applicants should turn to page
14.

A A

!

I

|

I
C L
A triangle ABC has sides BC,C A and AB of sides a,b and c respectively, and angles
at A, B and C are o, 8 and v where 0 < o, 3,7 < %71’.

(i) Show that the area of ABC equals $bcsina.

Deduce the sine rule
a b c

sina sinfg  siny
(ii) The points P, and R are respectively the feet of the perpeniculars from A to BC,
B to CA, and C to AB as shown.
Prove that
Area of PQR = (1 — cos® a — cos®  — cos®y) x (Area of ABC).
(iii) For what triangles ABC, with angles «, 3,7 as above, does the equation
cos? a + cos? 3 4 cos?y = 1

hold?
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jangle = height
4i sind: QB Awa of atrengle= L xBasexPEY
Se pea g hBC =Lk ACxQE
= = | xbxcsin®
2
:.LbCS\noL
2

inR = Labsin
A besinit = _li_a.csm(& _iab niy
2

SiML =4 Siﬂ‘} = In"x:
a b o
oa_=b = &

Sina  Sinf  SinY
ii. Area oy PQR = Ara oy ARC —(Are:
. - Lbcsin -'(_LxAQ"

s o) ARQ+ BRPY pac )

Qi
Rsint &-_LxBRxB?xSln(%\-.‘ix%CQ b 'x)
2

= AR
cosa = AQ Coss B_b__
PREEESS pleee 25, x A€o oy ABC
RQ = \xcbeo'S’oLS'\mL = Cos e o ARC
Afea- O“’A -—2_ P:CGS"{&"M

o, B8R
T fro SOV u;cg:\c;ﬁfoasz\‘,r S i B T N
e - (costeL & cosf ¥ CO57Y
ol " ok ! e ARC 18 fis‘n’t-an&\eo\,

| occufs
iir. Areo o\/ PQR = O) which on\\s
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5. For ALL APPLICANTS.

Songs of the Martian classical period had just two notes (let us call them z and y) and
were constructed according to rigorous rules:

I. the sequence consisting of no notes was deemed to be a song (perhaps the most
pleasant);

IT. a sequence starting with x, followed by two repetitions of an existing song and
ending with y was also a song;

ITI. the sequence of notes obtained by interchanging xs and ys in a song was also a
song.

All songs were constructed using those rules.
(i) Write down four songs of length six (that is, songs with exactly six notes).

(ii) Show that if there are k songs of length m then there are 2k songs of length 2m + 2.
Deduce that for each natural number there are 2" songs of length 27+ — 2.

Songs of the Martian later period were constructed using also the rule:

IV. if a song ended in y then the sequence of notes obtained by omitting that y was
also a song.

(iii) What lengths do songs of the later period have? That is, for which natural numbers n
is there a song with exactly n notes? Justify your answer.
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. oy x S RuwkeIT
S ﬁ;caé?géc 535333 S Ruke T
For each existing SonQ of m length, fwo songs © fms 2
" gt con be créated = omz b NLQE(SC existing

9 ‘ and anofher by rule TT
SO\’\ o ™A \QV\ th '\‘LUCQ ‘W\.Q &3"\3 mg*eg\ lA rude )

(m’ter‘dnﬁﬂ 13 a‘nm son

ew\ oo g%‘rﬁ i v(\%S O gt w, T are AR songs

' ln. \'\/\’A_m*'l

A ez
. And (ongthn = ox+d=4d

™ = 9%t §
b BB e

= &(an_\) = Q“H_ a
(a-v)

o\ Mo Ast

Thare vs | scn%\ Ycreases,

{-(;{Dub\e O.t lg:?\) W\ [D.V\%ﬂ’l

Gu n)O " _\'
T:\: voluss 0\° solohonever & song e %Tl_gmc'e\r\@dalv)

g tha 4. W
Con be S\mor’:eﬂnd (bLA \) b‘;’} om “‘I& c_mﬂbg QPP\\Q(LJ
pnds W oM with @& 3) which can than

.qua}ﬁ*fe?-)ed as 0.\30\:23.

ble lngth. Each
iimbei‘ %O\/ song s

e " songs,

.
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6.

For APPLICANTS IN { COMPUTER SCIENCE

MATHEMATICS & COMPUTER SCIENCE
Alice, Bob and Charlie are well-known expert logicians.

(i) The King places a hat on each of their heads. Each of the logicians can see the others’
hats, but not his or her own.

The King says “Each of your hats is either black or white, but you don’t all have the
same colour hat”.

All four are honest, and all trust one another.
The King now asks Alice “Do you know what colour your hat is?”.
Alice says “Yes, it’s white”.

What colour are the others” hats? [Hint: think about how Alice can deduce that her
hat is white.]

(ii) The King now changes some of the hats, and again says “Each of your hats is either
black or white, but you don’t all have the same colour hat”. He now asks Alice “Do you
know what colour your hat is?”.

Alice replies “No”

Can Bob work out what colour his hat is? Explain your answer. [Hint: what can Bob
deduce from the fact that Alice can’t tell what colour her hat is?]

(iii) The King now changes some of the hats, and then says “Each of your hats is either
black or white. At least one of you has a white hat.”

He now asks them all “Do you know what colour your hat is?”. They all simultaneously
reply “No”.

What can you deduce about the colour of their hats? Explain your answer.

(iv) He again asks “Do you know what colour your hat is?” Alice says “No”, but Bob
and Charlie both say “Yes” (all three answer simultaneously).

What colour are their hats? Explain your answer.

} ONLY.

O wwwpmteducaton Q@ @) PMTEducation



FPMT w

-resources.tuition-courses

have ¥he same colour hat. There
al ﬁge ﬁ’?z glrtwa\%ﬁa colowr o\/ her hat, RBob and.

must both be Loeast savo Colous, As
%Tge\esagg hat hot (s White, %m must be able 1o

g both Beb ond Char\ie Loeann% black hats.

1. Alice dees nof Rnow the colous o) hoe hat,

be weasin
B S S S

oppesie colous ha’( o C\nac i, * o
lii. T\rmre must be ot least two wnie haS as g

m m@ MSLD M%Qr’\\s’r uﬁ;i% Co ow“ oy

ol o HMG‘MM‘M‘OO’L hat, Bob andl

‘ b
. Alice must be “‘faf” hots. A\ hcwe
Chaslie O0US€ (;pearm% c\{%‘muh (0ast fw wh \JCO.

Alice’'s) QG- 17 each.
mas% »%ue}c L(oemr% o Wit hot

.
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7. For APPLICANTS IN COMPUTER SCIENCE ONLY.

The game of Ozflip is for one player and involves circular counters, which are white
on one side and black on the other, placed in a grid. During a game, the counters are
flipped over (changing between black and white side uppermost) following certain rules.

Given a particular size of grid and a set starting pattern of whites and blacks, the aim
of the game is to reach a certain target pattern. Each “move” of the game is to flip
over either a whole row or a whole column of counters (so one whole row or column has
all its blacks swapped to whites and vice versa). For example, in a game played in a
three-by-three square grid, if you are given the starting and target patterns

| JOL 00O
Start: O@O Target: OO
L JOL 00O

a sequences of three moves to achieve the target is:

fli fli fli
000 i OO0 e 000 i OO0
OO row OO column OO0 row OO0
o0 — 000 - 000 - (00O

There are many other sequences of moves which also have the same result.

(i) Consider the two-by-two version of the game with starting pattern

| 1@
O®

Draw, in the blank patterns below, the eight different target patterns (including the
starting pattern) that it is possible to obtain.

o0 OO0 00 OO
e 00 @00 OO

00 00 00 00
o0 6O 00 OO

What are the possible numbers of white counters that may be present in these target
patterns?

The possible numbers of white counters are 0, 1,4
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(ii) In the four-by-four version of the game, starting with pattern

O0®
L Jol @
@l Jo] )
| JO] @)

explain why it is impossible to reach a pattern with only one white counter.

[Hint: don’t try to write out every possible combination of moves.]

In a row /[column of 4 theve it either an even number of black cownters
ond an gven number of white [in which tase, o move would vesulf alsoin an

even number of each) or an odd number of black counters and an odd

aumbe v ¢f white counters (in which cage, a move wonld reswit also in an odd
nwmber of each). In both cases, the overall number of white counters would
remain even, as initially the number of white counters ;& even . it vs impossibie
fov the nwumbev of white counters to reach 1, as | is an odd number ord there
iS alwo 5 @n even number ot white countevs.

(iii) In the five-by-five game, explain why any sequence of moves which begins

L Jol JOl )
o lo] 1o
L JOl 1®]
@l Jol 1)
L 1Ol 1®]

and ends with an all-white pattern, must involve an odd number of moves. What is the
least number of moves needed? Give reasons for your answer.

In a row[colump of S theve is either an even number of black counter and an
odd number of whnite or an odd nwmber of black counters andl an even numbey of white.

After each move , the awmbe? of white cownters overall would chcmse from odd 10 even
ov from gven to odd . Therefove, fov he number of white counters to change from 12

{an even number) at the beginning 1o 25 (an odd number) at the end, there must be
an odd nwmber of moves.

| move is cleavly nof pessible. 3 moves iS also not possible (13 black counters cannof
be growped into 3 moves). § moves i3 possible (chonse rows 2 and 4, then columns
1,3,5). - the least Number of moves needed s 5.

End of Last Question

g
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