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Time Allowed: 22 hours

Please complete the following details in BLOCK CAPITALS. You must use a pen.

Surname

Other names

Candidate Number M

This paper contains 7 questions of which you should attempt 5. There are directions
throughout the paper as to which questions are appropriate for your course.

A: Oxford Applicants: if you are applying to Oxford for the degree course:
o Mathematics or Mathematics & Philosophy or Mathematics & Statistics, you should
attempt Questions 1,2,3,4,5.
¢ Mathematics & Computer Science, you should attempt Questions 1,2,3,5,6.
e Computer Science or Computer Science & Philosophy, you should attempt 1,2,5,6,7.

Directions under A take priority over any directions in B which are relevant to you.

B: Imperial or Warwick Applicants: if you are applying to the University of Warwick for
Mathematics BSc, Master of Mathematics, or if you are applying to Imperial College for any
of the Mathematics courses: Mathematics, Mathematics (Pure Mathematics), Mathematics
with a Year in Europe, Mathematics with Applied Mathematics/Mathematical Physics,
Mathematics with Mathematical Computation, Mathematics with Statistics, Mathematics with
Statistics for Finance, Mathematics Optimisation and Statistics, you should attempt
Questions 1,2,3,4,5.

Further credit cannot be obtained by attempting extra questions. Calculators are not
permitted.

Question 1 is a multiple choice question with ten parts. Marks are given solely for correct
answers but any rough working should be shown in the space between parts. Answer
Question 1 on the grid on Page 2. Each part is worth 4 marks.

Answers to questions 2-7 should be written in the space provided, continuing on to the blank
pages at the end of this booklet if necessary. Each of Questions 2-7 is worth 15 marks.

This work by PMT Education is licensed under CC BY-NC-ND 4.0
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MATHEMATICS ADMISSIONS TEST

Thursday 2 November 2017

Time Allowed: 22 hours

Please complete these details below in block capitals.

Centre Number

Candidate Number M

UCAS Number (if known) - -

d d m m y 'y
Date of Birth - -

Please tick the appropriate box:

|:| | have attempted Questions 1,2,3,4,5
|:| | have attempted Questions 1,2,3,5,6
|:| I have attempted Questions 1,2,5,6,7
FOR OFFICE USE Q1 Q2 Q3 Q4 Q5 Q6 Q7
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1. For ALL APPLICANTS.

For each part of the question on pages 3-7 you will be given five possible answers, just
one of which is correct. Indicate for each part A-J which answer (a), (b), (c), (d), or
(e) you think is correct with a tick (v/) in the corresponding column in the table below.
Please show any rough working in the space provided between the parts.
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A. Let
f(z) =22 — ka® +2v — k.

For what values of the real number k does the graph y = f(z) have two distinct real

stationary points?

(a), —2v3 <k <2V3
J}S{k<—2\/§or2\/§<k‘

() k<—vV21—-3orv21-3<k
(d) —v21-3<k<+21-3
(

e) all values of k.
fn)= am?- kntt 2n-k
(w)= em? - 2kn t 2 n ‘
‘;("";3\":‘;'0' $wo distinct real turning points, fn) has two distinct Solutions,
S © . . . .
hence itS discyimmont is pesitive:
pu? -4(6)(2)>0, k*-1250

Wt 91
kW » td (= 1233)
1 -
nh-1220 1270 satisfied when ¥?2J3

From SWetch of u*-12=0 , nt

AT 213 ov W<-2J3

B. The minimum value achieved by the function

f(z) =9cos* x —12cos’ v + 7

&;/3 b)) 4 ()5 (@ 6 () T

Qeostn -12co8*n +1
let cos?wn = b, @ conStant wheve 0¢ k€]

equals

fn) = qut-12kt] 1 %

P(w) = 1Bk - 12 =0 at minimam, k=g

f135 : (3 -2 F) T
= 4-3+]
= 3
Turn over
S g
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C. A sequence (a,) has the property that

an

Apt+1 =
Ap—1
for every n > 2. Given that a; = 2 and ay = 6, what is agp17?

@5 05 © 5 W2 ©3

Calculating the first few Yerms of the sequence gives :

4L L L L £
2'6)312,6) 3,1)61311,-‘6’g3’
Y—t— + -
4, 0 ... A6 sequen ce repeats every 6 terms
336 rl
6 201y 2017 = | modulo 6
T corvesponds fo value a,, @z ... & gny|
18
37 kR, 2
3
)

D. The diagram below shows the graph of y = f(z).
£(-n) reflects Graphin y-@xis.
fl-m)

B

The graph of the function y =
y

-f(n) reflects graph in m axy's

5 ~'F(°‘“-)

B,

—f(—z) is drawn in which of the following diagrams?
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E. Let a and b be positive integers such that a + b = 20. What is the maximum value
that a?b can take?

(a) 1000  (b) 1152  (c) 1176 }d’( 1183 (e) 1196.

To maximise a*b, it con be seen that ‘a* has twice the effect of ‘b’ as ‘a'is
squaved -

Aliernative Solution :
o lef or b b= 20-a
atb:= 3b = 20 azb:az(“‘a)
b:%g a:%g, B 'I.()Ot"-a3
since & and b ave_inregers , closest differantiate for maximum
solutions ave a=<13, be] 4OR - 30t =0
ates (133%1) a(40-3a)=0

20
=193 . =, pe . .
F."Hle picture below shows the unit circle, where each p(’)lnt hggcoordlnates (cos x,sin x)

for some z. Which of the marked arcs corresponds to

tanx < cosx < sinx ?

sin
A

> COS T

Turn over
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|F. On a unit civcle :

$in® sin® < hcigbf we want
030 = base (%) tan@ < cos® <Sin0
. sin® N ie sin0® .
Pdl sin@ cos6 Ten g o768 gradieny =i ¢ cot® < $ing

({1} 0

[=——]]
Op©
‘ -resources-tuition-courses

By inspection , A and E can be ruied out a3 cos@ > $in@ in

+thost areas.

The difference between B,C, and D ave whether 05O and Sin@ ave +ve/-ve

I $in@ >co’@>0 , ton0 =

sin®
cos o

“hen $in@ cos®

cosg

cos0

, S0 1on@+1 and Tan8 >cos®  ( which doesn't satisfy (¥) )

rules ont 8, leaves C and D wheve theiv difference iS whetner sin@ is ve Jve

¥ sn@<0 , and $inO >cos0 , co3O is ISe <O

buf fan = %}% = ————_'“,’: = tve , S0 tan@ >0

1an© > $in@ >cosB in this case which doesn’t saﬁsfg (X).
Hence Sin® % 0 to sahsfy (*¥) , ruling out D and leaving the answer as C.

This page has been intentionally left blank for candidate use
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G. For all 0 in the range 0 < 6 < 27 the line
(y—1)cosf = (x+1)siné

divides the disc 2% + y* < 4 into two regions. Let A(#) denote the area of the larger
region.

Then A(f) achieves its maximum value at

(a) one value of ‘X{) two values of 6 (c) three values of ¢
(d)  four values of 6 (e) all values of 6.

(y-1) cos® = (n*1)sin®

+an@ = - s tan® 1S The gradien of the line through (-1,1) and takes all
mrl T Galues .

By inspection , A1O) &l mavimum ypon tan® = | = gradient of line,
whith has 2 Solutions in the given range

4
2

25
7"”&2

2

H. In this question a and b are real numbers, and a is non-zero.
When the polynomial 22 — 2ax + a* is divided by z + b the remainder is 1.
The polynomial bz? + z + 1 has ax — 1 as a factor.

It follows that b equals
(a) 1 only yﬁ/o(n 2 (¢) lor2 (d) lor3 (¢) —1lor2.
f(m)= nt-20n 10t fgin) =bn*+ml
wsing factov theovew :
Fe-b)=1 = b* +2abtra (%)
Mtﬁ=o=fa*t*\

0o=brata’

b= -a-6% , plugging This into (¥): w:=0%:=l or
l~ at- 203 ta¥ +2a (-a-a?) +a? a=T] , b=gov -1
1= 264 -a?

: 2% -pto), letm=a’ 0= au*-n-l
0 2% -o -1, > saun)m-l)
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I. Let a,b,c> 0 and a # 1. The equation

"” 1
log, ((b°)") + log, (ZTU) + log, (5) log,(c) =0
has a repeated root when

5 1 _b 1 L
(a) BP=4dac (b) b== (¢) c=- y(c_g (€) a=b=c.

a a
10 b ™) + nlge (_E_) - loga (b) 10ga (¢) =0 Aternative if you _don'i s[_mf
_ the factovisation in (X):
n*+n (logq ¢ ~10gab) - l0ga (P) loga (c) =0 set b*- yac=0 for
lu*los«ac)(“‘l(’g"‘b): 0 (*) *-n (l0go ¢ -logab) -
since r001s ave the same at the oot is vepeated T;ﬂqb 109a C = 0
- 10gaC = 199ab (1o a (<) -logab)*+ #103a (b) loga (¢) =0
164 (<) = logab [1090¢€) ]*4 2109alb)loga (<) #{1ogatb)]’=0
be L [loga () +l0ga () ]*: 0
1096 (1= -10ga (b) as ahove

J. Which of these integrals has the largest value? You are not expected to calculate the
exact value of any of these.

(a) /02(902 — 4)sin®(7z) do (b) /0%(2 + cosz)? dz (c) /OW sin'® 2 dx

‘M/OF@—sinx)ﬁdx (e) /08ﬁ108(sin3x—1)dx.

a) (m*-u) is negative between 2 and 0 so the ntegra] will evaluate 4t negative

) sietch integral. Max value of  d) Minimum value of (3-simn) =26
al (2+cosn)® occuws at 27 when 3¢ when sinm =1, Hence area musi be
corwe]. Integvaj ¢ 27. 21 a$ 26 //// biggev than 26 70 rectangie.
2T integval shape bounded within /_>
rectangle 'n'.
) ) orta clearly much smaltey e) (sinn=-1) (s the Sin graph fransiated below the

7 axiS one unit down . Henee integra] will evalnate

than b) from sueteh
to negativo .

Turn over
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2. For ALL APPLICANTS.
There is a unique real number « that satisfies the equation
o’ +a® =1.
[You are not asked to prove this.]
(i) Show that 0 < a < 1.

(i) Show that
ot =—-1+a+a

(iii) Four functions of « are given in (a) to (d) below. In a similar manner to part (ii),
each is equal to a quadratic expression

A+ Ba + Cao?

in o, where A, B, C' are integers. (So in (ii) we found A = —1, B=1, C = 1.) You may
assume in each case that the quadratic expression is unique.

In each case below find the quadratic expression in a.
(a) a™L.
(b) The infinite sum
l—a+a®—a*+a* -+
(©) 1—a)™
(d) The infinite product
(I4+a)(l+a®)(1+ah)(1+a®)(1+a')
) alta>-[=0
let (@)= as+a® -]
flo) = -1
f(1)=1
since sign change and groph continuons between £(0) and £(1), a root tec’ Ties
between 0 and | .
Since the guestion States f(a) has ohly one real vootf,

o< & < |

~
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i) adtal=0
1
a'+a3:a and ad=1-Q
ad: a-a*= a-0-a?)
q4- -l ta + al
i)a) 1: a1’
a~= atta A=0,B=x] ,C=]
b) wsing the infinite geometric progres$on formula
- -
l'ﬁ'f'ﬂz-qg"'aq... = 1ia - (]1’0) \
wsing port 1) q}i+ 0%: a2lt+a)=|
A-0 , B=0 , C=]

a e (Ha\)"
c) Assume (1-0)"'= AtBw tCH " =‘,L.E
1= (1-2) (AtBa+ Ca®)
AtBa +Ca?- Aa- Ba’-Cal
At(B-A)a + (C-B)az+C(a®*-1)

|
]

1= (A-CY+(B-A)at (2C-B)a?
Equating coefficionts:
A-C=1 B-A=0  2C¢B=0

A: 1¢4Cc= B =2C
¢c=1, A=2,B=2

) (1+a) (1ea?) (14aY). .
= l+tata?+adtatiacral..
caefficient of oll a“=)| a$ each powey occurs once

;. geometric sum 1o infinvte

with ga<l and v=®
e ~—
o T
this is the same o5 in pavi C)
l—‘;(- QXPY?.TS'Qd as A=<2,B8=2 ) c=1 a$ pev PGYT '“) c) Turn over
If you require additional space please use the pages at the end of the booklet

~

O wwwpmteducaton QO

PMTEducation



SPMT 3

resources-tuition-courses

MATHEMATICS
MATHEMATICS & STATISTICS
For APPLICANTS IN ¢ i ATHEMATICS & PHILOSOPHY ONLY.

MATHEMATICS & COMPUTER SCIENCE

Computer Science and Computer Science & Philosophy applicants should turn to
page 14.

For each positive integer k, let fi(z) = 2'/* for 2 > 0.

(i) On the same axes (provided below), labelling each curve clearly, sketch y = fi(z) for
k =1,2,3, indicating the intersection points.

(ii) Between the two points of intersection in (i), the curves y = fi(x) enclose several
regions. What is the area of the region between y = f(z) and y = fr1(x)? Verify that
the area of the region between y = fi(z) and y = fo(x) is ¢.

Let ¢ be a constant where 0 < ¢ < 1.

(iii) Find the z-coordinates of the points of intersection of the line y = ¢ with y = f;(x)
and of y = ¢ with y = fo(x).
(iv) The constant c¢ is chosen so that the line y = ¢ divides the region between y = f;(x)

and y = fo(x) into two regions of equal area. Show that ¢ satisfies the cubic equation
4¢3 — 6¢2 +1 = 0. Hence find c.

<L
Y 'Fu(u)f- nu
1.5 |
1.25 |
0,1)
l{-=-=-m---m ===
|
0.75 | !
]
0.5 :
'
0.25 | '
'f
1

025 0.5 0.75 1.25 15
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| | +
) Funr - Fu :f w
0 ° W+ ktl 71
=[—ﬂ- e =T R u}
Wt Wt] 0
_ il "3
T oktz okt
- ﬂq.y('("_)(tﬂ
(ktl)(n+1)
L
® (uh M #2)
| _ .
when U=1, vegion = 53y ~ “6‘ as vequired
i) AT f(m) , c=u at intersection
M f(n), C=nT, n:c ? at intevsection
iv) T f(n) ) split in aveas M and @
: (W ¢t 4
i O: n* -nldn
09. % 1 Ilcz
-----C = | 3 - N
[3 2 0
= 3 cd- b
. =4cd-6c*1]=0
® = oveo of trinngle = < (c-c*)(c-¢”) a$ vequived
. _r)?
"7 (c=¢F) solve Yci-4c*+1:0
% [c?- 2¢%4 CU‘] by ingpection to find
=—;:c7"c34']2'cq c=
2 t_ 3,L 1
combmmSOGY'dO TC ‘%_"C”-t"‘ic ¢c’+72C

As (total ovea)2 = (U t(® =3 =L % c?

= z_ 2
! bc %c Turn over
If you require additional space please use the pages at the end of the booklet
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4.
MATHEMATICS

For APPLICANTS IN { MATHEMATICS & STATISTICS ONLY.
MATHEMATICS & PHILOSOPHY

Mathematics € Computer Science, Computer Science and Computer Science & Philos-

ophy applicants should turn to page 14.

A horse is attached by a rope to the corner of a square field of side length 1.
(i) What length of rope allows the horse to reach precisely half the area of the field?

Another horse is placed in the field, attached to the corner diagonally opposite from the
first horse. Each horse has a length of rope such that each can reach half the field.

(ii) Explain why the area that both can reach is the same as the area neither can reach.

(iii) The angle « is marked in the diagram above. Show that a@ = cos™* (\/77?) and hence

show that the area neither can reach is %cos_1 <*/TE) — 4%. Note that cos™! can also

be written as arccos.

A third horse is placed in the field, and the three horses are rearranged. One horse is
now attached to the midpoint of the bottom side of the field, and another horse is now
attached to the midpoint of the left side of the field. The third horse is attached to the
upper right corner.

(iv) Given each horse can access an equal area of the field and that none of the areas
overlap, what length of rope must each horse have to minimise the area that no horse
can reach?

The horses on the bottom and left midpoints of the field are each replaced by a goat;
each goat is attached by a rope of length g to the same midpoint as in part (iii). The
remaining horse is attached to the upper right corner with rope length h.

(v) Given that 0 < h < 1, and that none of the animals’ areas can overlap, show that

‘/52_2 <g< 2_\1& holds if the area that the animals can reach is maximised.

O wwwpmteducaton Q@ @) PMTEducation
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i) haff avea of field =7
length of rope in field covers a guavter circle as Show

1 mr?
T Ty
B —l-=v1'
T
yi/z__ Az
T Jn

red Meagm toted avea covered by the 2 overlapping circles 15 given yb

L+d - black avea

n in dirgrem

The tota] avea of the Squove iS | and given by The red avea added o thy

aved coveved by the qwx\r'tur civcles.

L +L1 - v
Hence | = red avea 3 * 7 blach avea

0= red avea - blaclk avea

black ovea = ved avea

AD *J2 as diagoral of sGuave
L: as half of AD

AE:JZ .\ from pavt i)
e

In AACE, coses AS

At
’ cosdi s o A7 odR LA
2 Jw 247 2
o/ = arccos 'Cg-
Avea Shaded in red I'S'qu aveq of total oveviap.
Red area = civcle Segment -triangle avea
Arwos CEF = AEF -ACE = -oraj oveviop
Hence “ota) overlap = Yy[LAEF —:ZEE]
_L
<4 [ 17,) L (ACx CE)]
Wsing P‘ﬂmag‘gus on DACE, ) +ota] oveviap & =
2. (N2 V2 (VY. 2 -5 2 Mccog(_‘_)__'_ Ex/f' )
(ce)*= (%) (*%) L::_ﬁ# -y [% - 4 2(7_ i
o % wecos [ )- JER
= ——_n_—_avccu(-%) =
CE = T

Turn over
If you require additional space please use the pages at the end of the booklet
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'tiv) € _» B o minimise area not reached , we need to mamimise area reacked by
b the horses .
As the radii increase, assume that the semiciveles meet fivst.
AT"" Aveas of semicivcles and quavier civcle ave the Same §0:
B ma | b’
5 [y 2 Y
: Lc b 20%2=b*
=2 al2 =b

When the Semicircles meet, as the horses are attached o1 +the midpoints

dingonal AC"J—E and q=i¥'=“% , b‘%""%

since 3 4.}_‘:__ , the guarter circle’s radius ‘b’ has not yet touched the DE diagonal and

cannot hove touched either of the semicivcles, So the initia] assumption thot the semicircles
met first was covrect.

iv) From pavt iv) g&J'g' and 9 2.0

o 0 ¢q ¢ n’_E_
Assum@ when moeximising that the grartev circle meets tht semicivcle fivst.
v From tne left diagrom heve,
' (gfh)‘=(é’)’+l’=%
VAY;
—

grh s JE
§:J% -h

hmax =1, S0 min = 3 i

-
2

;]
hence ovevall, JS-2 ¢

This page has been intentionally left blank for candidate use
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5. For ALL APPLICANTS.

Ten children, ¢y, ¢y, o, ..., cy, are seated clockwise in a circle. The teacher walks clock-
wise behind the children with a large bag of sweets. She gives a sweet to child ¢;. She
then skips a child and gives a sweet to the next child, c3. Next she skips two children
and gives a sweet to the next child, ¢g. She continues in this way, at each stage skipping
one more child than at the preceding stage before giving a sweet to the next child.

(i) The kth sweet is given to child ¢;. Explain why i is the last digit of the number

k(k+1)
5
(i) Let 1 < k < 18. Explain why the kth and (20 — k — 1)th sweets are given to the
same child.

(iii) Explain why the kth sweet is given to the same child as the (k + 20)th sweet.
(iv) Which children can never receive any sweets?

When the teacher has given out all the sweets, she has walked exactly 183 times round
the circle, and given the last sweet to cp.

(v) How many sweets were there initially?
(vi) Which children received the most sweets and how many did they receive?

)€ € C. Cs Cy Cg C4 Cq Cg Cq

I3t sweet given to Ci
2™ 1+ swipr+le 1¢2 =03

3. 1+ 2+Skip 21 " 1+243<Cq

™

n™ sweet givew to Crre2¢3¢..m) = C (g ‘)

sum of netura| numbers

[

"

n(nt) 5 aumver of steps unti] N sweet
2

we only pay attention to the lost digit
(as the child number s the last digit)
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W) pugging in ‘k’ ard then ‘20-k -1’ into the formula in powt i):
kikt) (20-w-1) (20-k)
- and

2
(20-t-1){20-k) qo(zo—u-l)_’ W (ktl - 20)
2 ® 2 — a

= 10(20-k-1)-1oh + !‘_S%*_')
=10 (20-2k-) t kUl
2
since the fovmula for ‘20-k =)’ is of the fovm 10n+ ‘_'-__‘,i";i)
it will have the same units digits as "'_Szi*_') , hemee ¢ will be The same fov both ¢k’ and ‘20--)’
iii) using pavt i), the 181 sweet is given Jo he same child at the ]St sweet, who was C,.
19™ sweet to Co
20t sweet do Co
915t sweet Yo C, - same as st Sweet y
Tne pottern repeats as it Starts again from Ci, and that <k’ and ‘lox2tk’ produce the same "
w) From part ii), sweets 1-9 inclusive are given 1o the same children ¢ 18-10 inclnstve.
< : 1'0 CC-
From part iif) , sweets 19 and 20 are given _ _
Since the patfern repeats every 20 sweets , if is only necessary to consider the first 20 sweety.
Listing owt the fivst G numbers of the form k_(:T*D : (the triangle Anmbers)
(,3,6,10,15,21, 28,36 ,45 ...
11 can be seen that 2,4,7 and q do net appear as ') in the units digit.
Hence C2, Cy, Cq and Cq never receive any sweets Sadly

v) 183 civcles x 10 = 1830

ke () 2 e30
2

W't k- 3660=0
(wt6l) (u-60)=0
k=60 Sweets initially

vi) using ouv list from part iv), we can cownt how moany Sweels each child receives pev every 20
sSweets handed owt in total

chiia 1 3 5 6 8 0
Sweets 4 = 4 Y4 2 4

chilkven 0,1,5 ard 6 receive the moS} Sweets
since 60 sweetsweve handed ov}, % = 3 repeats

so each child recu‘ving ine most will get 4% 3 =12 sweets

Turn over
If you require additional space please use the pages at the end of the booklet
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6.
COMPUTER SCIENCE

For APPLICANTS IN ¢« MATHEMATICS & COMPUTER SCIENCE ; ONLY.
COMPUTER SCIENCE & PHILOSOPHY

You need to pack several items into your shopping bag, without squashing any item.
Suppose each item ¢ has a (positive) weight w;, and a strength s; which is the maximum
weight that can be placed above it without it being squashed. For the purposes of this
question, suppose that the items will be arranged one on top of the other within your
bag. We will say that a particular packing order is safe if no item is squashed, that is,
for each item ¢, s; is at least the sum of the w; corresponding to items j placed above
item ¢. For example, suppose we have the following items, packed in the order given

Ordering | Item | w; S

Top Apples | 5 6
Middle | Bread 4 4
Bottom | Carrots | 12 9

This packing is not safe: the bread is squashed, since the weight above it (5) is greater
than its strength (4). However, swapping the apples and the bread gives a safe packing.

(i) Which of the other four orderings of apples, bread, and carrots are safe or unsafe?

(ii) Consider the tactic of packing the items in weight order, with the heaviest at the
bottom. Show by giving an example that this might not produce a safe packing order,
even if a safe packing order exists.

(iii) Now consider the tactic of packing the items in strength order, with the strongest
at the bottom. Again show by giving an example that this might not produce a safe
packing order, even if one exists.

(iv) Suppose we have a safe packing order, with item j directly on top of item i. Suppose
further that

UJ]‘—SZ' 2 wi—sj.
Show that if we swap items ¢ and 7, we still have a safe packing order.

(v) Hence suggest a practical method of producing a safe packing order if one exists.
Explain why your method works. (Listing all possible orderings is not practical.)
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i) AN other ovderings ave untafe as carvols would be on +op ov in the middie,

and neithev the apples not the bread have the stvength to Support the carrals’
weight of 12.

i) Amy Suitable example wovks, e.g.

1tem w, Sy
top n S 1"
bottom Y X} Y

Here 'y’ is heavier bwt produces an unsafe ordering , whereas Swapping the lightev
(n' 1o e bhottom is Safe

) e g [ftem W, St
top n n S
battem |y y 10

Sy< Wy so unsafe
but if (%’ swapped to bottom , S=u Ywy So sGfe
iv) Hop J Wy sy

pottom [ | Wu i

And let weighf of all items above ‘1’ and I\j) be ‘Wg'
As the Curven} o'deving is safe,

$, % Wit Wa

Si-wy > Waq

Ang it i given that @ w;-s; Z W[~ S Hence ‘j'can Support the
SJ'_ w; % S¢ "Wj > Wgq wefsh'r Of ‘v' and all other
: items above SO0 ovderin
SJ'WLZWQ . L ¢ ¢'?
) st safe f 1! and Jare
S§ % Wyt W, swapped .
Turn over
If you require additional space please use the pages at the end of the booklet
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6v) )t ha$ been Shown thet congidering weight ov Stvength alome /S Not guff, ciont
povt iv) con be rearronged To -

witS; % wy+S¢ for a safe swap

So for @ sofe pacwing ovder, both weight and strength need to be considered , with
Jhe ittm S where ‘w4 gi' 'foge'thv 18 largest should be placed &t the bottom.
if tnere exisis o sofe packing ovder, adjacent item$ om the pile must be s'wa_pp::!e
‘-fo move 1tems with the |q’5qﬂ ‘Wi*S{_’ om e potiom until dhe items art n

covvect ovdev of ‘w +S;® magnritude.

This page has been intentionally left blank for candidate use
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7.

For APPLICANTS IN { COMPUTER SCIENCE

COMPUTER SCIENCE & PHILOSOPHY } ONLY.

A simple computer can operate on lists of numbers in several ways.

e Given two lists a and b, it can make the join a + b, by placing list b after list a.
For example if

a=(1,2,3,4) and b=(5,6,7) then a-+b=(1,2,3,4,567).

e Given a list a it can form the reverse sequence R(a) by listing a in reverse order.
For example if
a=(1,2,3,4) then R(a)=(4,3,2,1).

(i) Given sequences a and b, express R(a + b) as the join of two sequences. What is
R(R(a))?

e Given a sequence a of length n and 0 < k£ < n, then the kth shuffle Sy of a moves
the first £ elements of a to the end of the sequence in reverse order. For example

S5(1,2,3,4,5) = (3,4,5,2,1) and S5(1,2,3,4,5) = (4,5,3,2,1).

(ii) Given two sequences a and b, both of length k, express Si(a + b) as the join of two
sequences. What is Sk (Sk(a +b))?

(iii) Now let a = (1,2,3,4,5,6,7,8). Write down
S5(55(a))

as the join of three sequences that are either in order or in reverse order. Show that the
sequence a is back in its original order after four S5 shuffles.

(iv) Now let a be a sequence of length n with £ > n/2. Prove, after Sy, is performed four
times, that the sequence returns to its original order.

(v) Give an example to show that when k& < n/2, the sequence need not be in its original
order after Sy is performed four times. For your example how many times must Si be
performed to first return the sequence to its original order?

End of last question
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R (R(a)) =a

i) As both A and B length ik,
S (atb) =btRI(®)

_ Since
S (S, (atb)) = RIG)+RID) [* ¢, (b4Ro)]

i) Gta): (6,7,8, 5, %, 3:2:1)

S¢ (Sg(a)) = S¢ (6,1,5,5,4,3,2,1) ¢ {3,2,l,u,5,9,1,6)
= (3.2,1) + (4,50 + (8,7,6)

Ss (3,21,4,5,8,7.6)= (87,6, 5,%,1,2,3)

S¢ (8,7,6,5,4,1,2,3) = (1,2,3,4,5,6,7,8)=a

. N //Lﬁ
iv) Fov a general 1ist ‘a’:

CTLL]]

| T'n-h n(L) (hfl)M)

| (n-h4) 7
The covrect arder of criticol valwes 15 :
[T bl n‘“,"-i',,. 1{,,] ntl, ... n
let the red line mark the fivst w values M the Nist.
After the 151 Shuffle , The list becomas: |
Wtl, .-n, k, ... A SR u,|n—k—|, .
9nd shuffie:

L .o,
B T IR USRI TH K PR |
3vd shffie :
N, .., ¥l W, ..o, * s
#th Shuffle: "
\,...,n—k-l,n-\a,...,z...,h,hﬂ,..-,h -
where it can be S€n that the critice] values ave n
ovdeving of ‘a’

., n-w, )1, oo, nelel

the Same ovdev as The initia|

Since The values between these critical values have not bean used as a point of shwft ling

at the Wih velue of a )ist, they have vemained in the same velative posihone to their
immediate critvcal point$ on both Sides.

Hence the Hth spwffle lift is the same as the initial 1ist, ar el the critvcal and non-
critical pointS gwe i the sewe Pasitions. oo
you require additional Space please use the pages at the end of the booklet
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V) a=(1,2,3)
]51:[2,?,]]
nd: [3,1,2]
3va : [1,2,3]
'-}""': [?_,go,]
.
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so n=3, let k=]% thot 14,<1‘i_

Fov this list, 3 iTevations of §y vetwrns it to the oviginal

position.
The U does not return this 1ist to ifs oviginal.
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