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1. For ALL APPLICANTS.

For each part of the question on pages 3-7 you will be given five possible answers,
just one of which is correct. Indicate for each part A-J which answer (a), (b), (c), (d),
or (e) you think is correct with a tick (\/ ) in the corresponding column in the table
below. Please show any rough working in the space provided between the parts.
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A. Pick a whole number.
Add one.
Square the answer.
Multiply the answer by four.
Subtract three.
Which of the following statements are true regardless of which starting number is chosen?

I The final answer is odd.

11 The final answer is one more than a multiple of three.
111 The final answer is one more than a multiple of eight.
v The final answer is not prime.

Vv The final answer is not one less than a multiple of three.

(a) LIL andV, (b)  TandIV, (c) IIandV,

(d)  LIIL and V, T and V.
Let % be the whele number f m=), final engwaer is 13. 13 4s prime
Y{mn)?-3:= 4(m*+ Im+1)-3 80 IV is falR. 13 is net )} meve than
¥t +dn+d-3  cakways odd, 4 muitiple of ¥ so I s faise-
s 4nt+Intl 1 is trme

f nz=2, final answer is 33, 33 ;3
not ) move then a multipre of 3, SO
I iS false

= 2 (2n?+4m) +)

B. Let f(z) = (v +a)"

where a is a real number and n is a positive whole number, and n > 2. If y = f(x) and
y = f'(z) are plotted on the same axes, the number of intersections between f(x) and

() will

(a) always be odd, M always be even, (c) depend on a but not n,
(d) depend on n but not a, (e) depend on both a and n.

fin) = (m1e) "
£1m) = alnra)™”
£(n) and fi(n) intersect when:
(n+a) "z n (mia)"”
(nra)" mra)-n]=0
(m+a)"'=0 @zn-a
n=-0
:. there ave two mnfersechions, at n=n-a ,Me-a
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C. Which of the following are true for all real values of 27 All arguments are in radians.
PG ) scos( )
sin {5 +z) =cos(5 -z
II 2 + 2sin(x) — cos*(x) = 0
IT1 sin (x + 3;) = cos(m — x)

o=

v sin(z) cos(x) <

(a) TandII, (b) TandIII, jé( IT and III,
(d) TMIandIV, (¢) IandIV.

1 sin (T(T +-”*) zcofn . co3 (TT-u):= cos (T tn)
(as coS(n)= cos(-n) )

cos ( > -n) :gin(m
) smin+ 3. sin(w+E M)
CO}(’M‘,) ¥ Sin ('h) gin (11 ' E_’)" COS(‘V\)
- 115 faise ,;n(‘u'*:%‘) < cOS("'—"'TL)
L 2+2sin(m)-cos?in) “ IS true
22+ 28n(n) ) —Sn?(n)) IV. sinmcodn > 5 sinZn
= 1+ 28n (n)+ sint(n) 1 € §sin2n ¢
D. L:;t(g.nt(%) +l)z7101 “TI0 i3 tme "L ¢« L sinam <5
f(x):/o (wt)3dt, and g(x):/o t2dt. -";: >‘|'_|,."
Let A > 0 Which of the following statements is true? S IV s falst
1s always bigger than f(g(A)).
M ) is always bigger than g(f(A)).
They are always equal.
(d) f(g(A)) is bigger if A < 1, and g(f(A)) is bigger if A > 1.
(e) g(f(A)) is bigger if A <1 and f(g(A)) is bigger if A > 1.
' c w 2 _ P\z 3&.—‘-
fa)s [ (udf 4t 9] tae g(f(a))=(3) 5
[ttt 4 SRy A
0 2,8 : 3 0 - —
(25 ] ! A
3 0 L "o % 2 X
, 3 flgean- (&) >3
= 2__9 3

Kl = A
3 . 21
& 75;.' so F(g(n)>g(f(A))

o

O wwwpmteducaton Q@ @) PMTEducation (c)OSO)



vPMI )

resources-tuition-courses

E. In the interval 0 < z < 27, the equation
sin(2cos(2z) +2) =0
has exactly

(a) 2 solutions, (b) 3 solutions, (c) 4 solutions, ‘(}/ 6 solutions, (e) 8 solutions.

sin(2ces (2m) +2) =0 2¢05 (20) + 220 2cos (2n)t 1;7[2
let y = 2008 (2n) -2 ces(2m)=-) cos (2M) = —
:in3=0 2T . - 2T am=Tm , 3N
=0 T[ ~-TC y . 3n N

g=v o T n: &, L

41 ¢ cos(2m) £ R

0¢ 2cos(2m) +2 ¢4 %/7" 3
< yzo, T . . )

total somhons = ¢ 4 solwtions

F. For a real number = we denote by |z] the largest integer less than or equal to z. Let
x x
f@=3-|3):

The smallest number of equal width strips for which the trapezium rule produces an
overestimate for the integral

/05 flx)dx

(e) it never produces an overestimate.
if number of Strips = 3

3 5 S+ 2 )4

J fm) du=Z ¥ 3 [o+2(2*3)?

)
[ S—

2
S 3,1
2 v =Ji"’3'[1(6)+2]
%0- 1
(Real) Avea - %’xﬂ'——? =%(_7-)
= 2.25
If aumber of stvips = 2 (Trapezium rule) z —?—75? >2.15 .. overestitale
L
[ fim) du= Fx g [ov2 (%)Y ]

S
q

=5 <¢<2.28 - wnderestimate
Y
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sresources-tuition-courses cos ‘“) = cos ("'K)

. when n= ~
co3?(m) =cos 23)

2 — 2 3 3 . e .
G. The graph of cos®(z) = cos®(y) is sketched in o 0',,.,”3\“1-," a and d
37/2 y \/ 37/2 v \\/ 3n/2 v
7 7 7;'
~ G RN Ve w2 \ w2
/
\ / \\/\ / "/ X X \\ X
=372 em. -wl2 AR w2 TN 3nl2 -37/2 - -7l2 72 ™ 372 -3nl2 -m -wl2 2w 32
A N S
. ~ -nf2 P DL
) > N < > \:\ﬂ;\// <
372 4 “3rf2 N el

21
when =0 , cosnz=l
when ysﬂ. cos Y= -
- cosw and cos?y=)
2+ eliminaring b and @

N
x

H. How many distinct solutions does the following equation have?
1082 5(4 — 52 — 62°) = 2
(a) None, (b) 1, ‘(?)/ 2, (d) 4, (e) Infinitely many.
l0g 2., (4- Su2-6ud)=1
(M242) % 4 =Sn?-6u”
s Yyt = 4-Snt- 6
w4 gqutt yi=o
ni(mtt ¢m+q) =0
n? (nr3) (nt3) =0
ni(m+3)*=6
7z0 ,n="3
2 distinct solwtions

3
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I. Into how many regions is the plane divided when the following equations are graphed,
not considering the axes?

s|.3=‘)l.‘t

o= nd | n-l)
poin s of intevsection at ==l , =0

S
ni:m
2
0= n®(n*1)
. points of intersection at =mzo,n=l,n~ -l

nH: n 5
| 0= nt(n-)
® points of intersection ot m=0 , n=)
J. Which is the largest of the following numbers?

VT 5 V10! log,(30) 1+
ya/? ® 7 O gy @ emr © 3

=

S
- A1 b < -
a-= 'J__-;._ bz:_“‘;s d lng (30) let ‘031(30-1\)
azg%_ B3 lags (85) 2™ =30
=_'|‘_§ 2% 16 2% 32 let '033‘85)7"3
]
3tesl 3T a3
= Jig! _,wa!*? *J"T"J"'- 4ot L.ow s §y<y<g
3(6") ) 0y Sty <y
S < J2
- 1 =< 42 d <0
i Lii‘l_irf oo (2.5)* 6.25
3(6'.‘),_’ e: 148 2¢Jg<2.5
S Joe0 . s 3 N7 . 3 . W63
J'['—é:f J710 1<e< % asd] o 3 -
=£_Z;_ l<e<J_zJ AI_%:_S >.J3g Turn over
. c“’-é ‘J-;i $¢ C<a S a>e J
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2. For ALL APPLICANTS.
(i) Expand and simplify
(a—0b)(a"+a" b+ a" 2% + - +ab™t +b").

(ii) The prime number 3 has the property that it is one less than a square number. Are
there any other prime numbers with this property? Justify your answer.

(iii) Find all the prime numbers that are one more than a cube number. Justify your

answer.

(iv) Is 32015 — 22015 4 prime number? Explain your reasoning carefully.

(v) Is there a positive integer k for which &% + 2k* + 2k + 1 is a cube number? Explain

your reasoning carefully.

) (a-b) (a4 bt 4 ap +b")

= a™ a%r /-r m”)"‘(f ap” - (%“M /* “)a"‘/*'bm\)

- a’lH __bl'\-l\

W we want n Swch that n?-) 1§ prime

nt=17= (n=1)(nt1)

we need one of n-] or n¥l to = if n?-l IS to be prime

as prime means o rwmbder has 2 factows . one of which 1S |

aS nt]l>n-l
n-l=1\
this iS only True when ne=2
eivms Zz-l—.g
- 3 is the only prvime with this propevty
i) we want noswch that nd+) is pnme
n3+) = (nh)(n%-n+1)

to be prime either ntl or nt-ny\1=1 (Same reasoning as part i)

t1=)
nn =0 nl-n¢lzl
bwt 03%( is nof prime .. nof drue for n=6 & _ N(n-1)=0
nzg nc]
1¥+1:2

2 i5 pvime and S only pvime of

form n34)

J

-
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ai\/ 320l5 pe 22015 &0{5 : B & 403
= @3-

0=3% heP® mis403

using e formula @0 v
n:40&

o (35 )(67°0 s+ (@)

= (3_4_%_3&)( 32mo+ B 5220\0)
-2 (%4 &

o
Neithor QIl nof (32°'°+..., b3 ).. | wdo{.s wh\'ch -

2019 209 . du {_ 3 _"mo
~ s Yo produc
”nz’r \ nl-;ak'mé o 32‘“3? Rk no’\f{ a prinl numbhof.

R2 s & Cube rumber
Q"“)% is +ha next cube numos

(Ra\)* = RSy R4 k4|
R ¢ k3 QR Bles | & R313k2 43k
00 .

' is blwean N
kg:%\\\:v:\ogé}:‘;\ slcs’(\zm is M Qosrh\te m\ew R
(f)\fui"e kg’rlk’:-\'lk\»l s o cupe Numbet.

Y.
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MATHEMATICS
MATHEMATICS & STATISTICS
For APPLICANTS IN ¢ i ATHEMATICS & PHILOSOPHY ONLY.

MATHEMATICS & COMPUTER SCIENCE

Computer Science and Computer Science & Philosophy applicants should turn to
page 16.

In this question we shall investigate when functions are close approximations to each
other. We define |z| to be equal to z if x > 0 and to —z if x < 0. With this notation
we say that a function f is an excellent approximation to a function g if

1

£(@) = 9] < 535

1
whenever 0<x < 5;

we say that f is a good approximation to a function g if

1 1
|f(z) —g(x)| < 100 whenever 0<z< 5
For example, any function f is an excellent approximation to itself. If f is an excellent
approximation to g then f is certainly a good approximation to g, but the converse need
not hold.

(i) Give an example of two functions f and ¢ such that f is a good approximation to g
but f is not an excellent approximation to g.

(i) Show that if
sin(42?)
400

fl)==z and g(x) =z +
then f is an excellent approximation to g.

For the remainder of the question we are going to a try to find a good approximation
to the exponential function. This function, which we shall call h, satisfies the following
equation

h(z) =1 +/ h(t)dt whenever x> 0.
0

You may not use any other properties of the exponential function during this
question, and any attempt to do so will receive no marks.

Let
2 .3
flo)=1+z+5+=

O www.pmteducation Q@@ ) PMTEducation (c)OSO)
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(iii) Show that if
oa) =1+ [ fio,
0
then f is an excellent approximation to g.

(iv) Show that for z > 0

(v) You are given that h(xz) — f(x) has a maximum value on the interval 0 < = < 1/2
at x = zo. Explain why

N |

/0 ") — F()dt < %(h(wo) ~ f(z)  whemever  0<z<

(vi) You are also given that f(z) < h(z) for all 0 < « < . Show that f is a good

approximation to h when 0 < z <

AR/
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[ Gfx p 1 =
. }() x 0 g(sf.) e

[{(=-969) = 53
B U S

—

|00 \o0 320

C oY) -g(=) = x - (Xt S""(‘*i))

= ~x - N x") £o
ux) g0\ = -—Sz.%—\
- 2 w422 |

o<\s(n(4x*)\“
<14 -a@l¢ o
e |

400 320
.. excellent Qpproximation

_R@:nsxma& .
R(“')= bb ot ot g 23 3&3:!“]1{&)4},

2 )
(3(1) l+S l+4:+l: +(: G

= D(‘.d')
SLSC)‘: 14(1"'2 +G 24

() - 9x) = (o +2)
-9\ = (2| = %

4
11—9& \-DL X )
(H 2 ¢ 24

24

384 320
. excellent gpproximaHon
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v, hix)- (=) = I ‘F:h(&) dt - (=

l:g(sc) —j’:y(l:)d(: ) »

FRRVES I CORAN Ol [“hiode -
= g0 - (=) + 51h(b) - () 4t

Vo (% (8- f(0) b ¢ (a-0) [l b OeR£
. Sx“”“w(&)dt“ i (h(a.,w(x.,)) x= 1

(o]

Vi, (o) - |(xe) = g(%e) [(%e) ¥ f: h(£) - {(E)dt

h(xo) - §(*o) ¢ %(h(%); [,(xo))

Lh(xe) - ﬂ.g(io) ¢ h(xo) - y(JCn)

h(xo) < &8(10) = y(xo)
h(xe) - (X} & 2 (0% L)) »
ho) > | (&) glata) - Yxed = X

€ Qxd (part iii)
| -} (xe) € 22 3

{
- £ o x* 1 Ge=s .l
e (xS 2 s % %@ 122 2

)
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4.
MATHEMATICS

For APPLICANTS IN { MATHEMATICS & STATISTICS ONLY.
MATHEMATICS & PHILOSOPHY

Mathematics € Computer Science, Computer Science and Computer Science & Philos-

ophy applicants should turn to page 16.

A circle A passes through the points (—1,0) and (1,0). Circle A has centre (m, h), and
radius r.

(i) Determine m and write r in terms of h.

(ii) Given a third point (xg,y0) and yo # 0 show that there is a unique circle passing
through the three points (—1,0), (1,0), (xo, ¥o)-

For the remainder of the question we consider three circles A, B, and C, each passing
through the points (—1,0), (1,0). Each circle is cut into regions by the other two circles.
For a group of three such circles, we will say the lopsidedness of a circle is the fraction
of the full area of that circle taken by its largest region.

(iii) Let circle A additionally pass through the point (1,2), circle B pass through (0, 1),
and let circle C pass through the point (0, —4). What is the lopsidedness of circle A?

(iv) Let p > 0. Now let A pass through (1,2p), B pass through (0,1), and C' pass
through (—1,—2p). Show that the value of p minimising the lopsidedness of circle B
satisfies the equation

1 T
+Dtan ' (=) —p=—.
(p® + 1) tan (p) P=3

Note that tan~!(z) is sometimes written as arctan(z) and is the value of 6 in the range
= < 6 < 7 such that tan(f) = x.

i) centye: (m,h)
(n.m')2+ (”-h)Z;rI
wsing (1,0) *

(1-m)” 2=y ?
using (-1,0):
(-1-m)2 +h?:r?
(-m)? = (-1-m)*
. m=0
r= 1th?

r = Jth

O www.pmteducation Q@@ ) PMTEducation (c)OSO)
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i) using Mo . Yo rresouression-enues
(Mo =mM)% + ly,-h)"= rt
by m=0 and vZz 14h’
("Hz*“dd)i-—?hgo t h*= 1-h"
()% 4 (yg)* = 2hy,t]
he Jri.) ~——> from pawvt i)

2 r2zj+h?
2
MO CREE A TV PER) h?: r®-|
. dependS on ngo and Yo he Jrro
27 2 2
i) ~ g +Y, T 1+ 2k
1+ = 1+ 4]y
h=| r:JZ
t0.1) 5 centye of A : lO,i)
".'o"1 '~~~‘ q'eq of A . TCrz
(-1,0) (,0) > = 2T
| avea of triangie from diagram
0,-1) =7 x bese x height =)
and orea of semjcircie of 8=1,“:'
(o,-4) I small area of A under axis = semicircle avea —
-hiomgu aven
TC T ) 1} A
ar (7)) -7
2Tt
Lz UL
aT
- y
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4iv) centre for A now at (0,p)
centve for € at (0, -p)

o'

\__/

‘0)‘ P)

&

lopsidedness at min when oll aveas are eque]
( & is the areo)

Yy axiS cuys the middle regiow into 2
/
radius is Mow /1P’

" gvea of sector =-5v*0O

O = avctan (';—)

2 sector wea3 (1tP?) arctan (';,‘)
zx‘rriamsle avee = 2*-%'_ X?x\zp

T
orp?) arcfan(']ﬁ') -P* TSL

so differ ence between a gsector and 'rviomgle showid be

e
6
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5. For ALL APPLICANTS.

The following functions are defined for all integers a,b and c:

plx) = z+1
m(x) = z—1
_ y ifx<<0
s(2,y,2) {z if z > 0.

(i) Show that the value of

s (((p(0), m(0), m(m(0))), s(p(0),m(0), p(p(0)). s(m(0),p(0), m(p(0)) )

1s 2.

Let f be a function defined, for all integers a and b, as follows:

fla,b) = s(b, p(a), p(f(a,m(b))) ).
(ii) What is the value of f(5,2)7

(iii) Give a simple formula for the value of f(a,b) for all integers a and all positive
integers b, and explain why this formula holds.

(iv) Define a function g(a,b) in a similar way to f, using only the functions p, m and
s, so that the value of g(a,b) is equal to the sum of a and b for all integers a and
all integers b < 0.

Explain briefly why your function gives the correct value for all such values of a
and b.

O www.pmteducation Q@@ ) PMTEducation @IoEo)
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5i. plo)=0rl=l m(0)=0~1= ~| m(m(0)z M0z =1=1= -2
plploY) = P(1)=141=2 m(p(@)=m()= 17120

S(S< \,~I}-2) ) S(! :"|>9‘) ) S(“’ \70))
= 5(-3,8.0) o6

= d
i, V(B,'B.) 5 S(&) p(5), P(S{(Slm(z)))) - P('/(’S: 1))
p(B:1) = s (1, #(8), (5, m(1N))) = p@(s)o))
(5,00 5 (0, P o([(5,m(e))) = p(®)
(5,2)= p(p(p(5))
= B4 14 I+ |
=5

il §(0,®) = o(p(of--P(®)),

ohere the number o

,b = \K(b*l) + @
o L Yakon i3 P({V(“»’“(b))l
hle b is Ws;hvxﬁg answer and redu@s o bg“;l*
1+ @ iS added O the 1€ =

Q. :O,*\f.)*\

p:b-l-\

() =

b=0, P
ol Ixb + 11

lpading 1O
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K . g{ab) =3 p(b), m(g(a,p(b)))) a) |
) wgfxilg b is(m%o\‘dve)’{\/m\mlw ¢ S ‘alon 15

Y '( (:“? l ( )))i}y\")\\ | l

O ‘ Kl b s O.
; oteus Tl Hmes, M8
m\i ‘:Fkts\:ll >0, S0 & would b2 added.
blx =1 =b (béO)
brQ = 3(&,\0)
) _J
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COMPUTER SCIENCE

COMPUTER SCIENCE & PHILOSOPHY

The world is divided into two species, vampires and werewolves. Vampires always tell
the truth when talking about a vampire, but always lie when talking about a werewolf.
Werewolves always tell the truth when talking about a werewolf, but always lie when
talking about a vampire. (Note that this does not imply that creatures necessarily lie
when speaking to creatures of the other species. Note also that “Zaccaria is a vampire”
is a statement about Zaccaria, rather than necessarily about a vampire.)

These facts are well known to both sides, and creatures can tell instinctively which
species an individual belongs to.

In your answers to the questions below, you may abbreviate “vampire” and “were-
wolf” to “V” and “W”, respectively.

)

(iv)

Azrael says, “Beela is a werewolf.” Explain why Azrael must be a werewolf, but
that we cannot tell anything about Beela.

79

Cesare says, “Dita says ‘Elith is a vampire.”” What can we infer about any of the
three from this statement? Explain your answer.

Suppose N creatures (where N > 2) are sitting around a circular table. Each tells
their right-hand neighbour, “You lie about your right-hand neighbour.” What can
we infer about N7 What can we infer about the arrangement of creatures around
the table? Explain your answer.

Consider a similar situation to that in part (iii) (possibly for a different value of N),
except that now each tells their right-hand neighbour, “Your right-hand neighbour
lies about their right-hand neighbour.” Again, what can we infer about N and the
arrangement of creatures around the table? Explain your answer.
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7.

For APPLICANTS IN { COMPUTER SCIENCE

COMPUTER SCIENCE & PHILOSOPHY

In this question we will study a mechanism for producing a set of words. We will
only consider words containing the letters a and/or b, and that have length at least 1.
We will make use of variables, which we shall write as capital letters, including a
special start variable called S. We will also use rules, which show how a variable can
be replaced by a sequence of variables and/or letters. Starting with the start variable
S, we repeatedly replace one of the variables according to one of the rules (in any order)
until no variables remain.

For example suppose the rules are

S — AB, A — AA, A—a, B — bb.

We can produce the word aabb as follows; at each point, the variable that is replaced
is underlined:

S — AB — AAB — AaB — aaB — aabb.

(i) Show that the above rules can be used to produce all words of the form a"bb with
n > 1, where a™ represents n consecutive a’s.

Also briefly explain why the rules can be used to produce no other words.

(ii) Give a precise description of the words produced by the following rules.

S — ab, S — aSh.

(iii) A palindrome is a word that reads the same forwards as backwards, for example
bbaabb. Give rules that produce all palindromes (and no other words).

(iv) Consider the words with the same number of a’s as b’s; for example, aababb. Write
down rules that produce these words (and no others).

(v) Suppose you are given a collection of rules that produces the words in L;, and
another collection of rules that produces the words in L,. Show how to produce
a single set of rules that produce all words in Ly or Ls, or both (and no other
words). Hint: you may introduce new variables if you want.

} ONLY.
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