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1. For ALL APPLICANTS.

For each part of the question on pages 3-7 you will be given four possible answers,
just one of which is correct. Indicate for each part A-J which answer (a), (b), (c),
or (d) you think is correct with a tick (v') in the corresponding column in the table
below. Please show any rough working in the space provided between the parts.

(a) (b) () (d)

O wwwpmteducaton Q@ @) PMTEducation (c)OSO)



SPMT S

resources-tuition-courses

A. The smallest value of

as a varies, is

I(e): j: (n?-a)" an

:J" n'_ 2ant+al dn
/]

[&;_ ) 2«765134 az.n_]'o

(14

© 5 3 N
-.Q'-L Q’JQ-*S
(a-%)" -4 4

s (a' 3 )?"' TES 2
smvallest vajue of If(g) is when ta-5) =0 and I(a)= T

B. The point on the circle
2 492 + 62 4 8y = 75,

which is closest to the origin, is at what distance from the origin?

@) 3, (b) 4, 4/ 5, (d) 10.

(ne3) 24 (ytd) " -4 -16:75
(.Mg)u(sw)z = 100

centre ¢ (-3 , " Y4)
radius . 100 = 10

closest point to origin : radins from centre (-3,-3) through origin

which meets the circle at ( 3,y )

distance -jﬁ 2

N = &5

Turn Over
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C. Given a real constant ¢, the equation

o (x—c)2

has four real solutions (including possible repeated roots) for

(a) cgi, —igcgi, (c) cg—i, (d) all values of c.
Wl m-C or Mmi:zc-m
mi-n+C=0 nlam - cz0

1-dc I+Yc

p* -YacC *
For m'= (‘n-c)z to have 4 real Solutions, each = M-C and n*=C-N

peeds to have 2 veal soimfiont , So their discriminants must be 20

I-4c >0 1+Y4e %0
g B
% yc €2
— |
I
“§ ¢c = "..7

D. The smallest positive integer n such that

1—243—4+5—6+4---+(—=1)""n > 100,

} (a) 99, (b) 101, &/ 199,  (d) 300.

I
1-243-4 £ 56 +... % (1) " n %100
(-1)+ (V) (1))t
(-l) X (Q%_") +n 7 \00

l~n+2n % 200
n 719
smallest positive integer 13 199

~
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E. In the range 0 < = < 27, the equation

}6’{ has 0 solutions;

25in2x + 2C052£l7 -9

(b) has 1 solution;
(¢) has 2 solutions;
(d) holds for all values of z.
-1¢s5inn ¢ -1 ¢ cosn £1
0$ sin?n £ 0¢ costu &I
i \ n
2°¢2°" " ¢ 2 2°s 20 "¢ 2!
s 1“
¢ 2T g2 | ¢ 200%™ 22

. 2 u .
for 239 ©7TL 2 both sin?n and cos?n must equad 0.
poweveY sin?m +co3? M=) and if sintn=1,co3’n=0
.. 1he equation has 0 Solutions

F. The equation in x
3zt —162% + 1822 + k =0
has four real solutions

(a) when —27 < k < 5;
(b) when 5 < k < 27;

(c) when —27 < k < —b;
Jﬂl’));vvhen —-5<k<0

- d 3_ 2 =0
let 3m -6’ +18nt 4 k=Y 4, j2nt- Hgn® £ 36%
4 12m (m2-4u+3) =0
\ T J 12m (m=-3)(n-1)=0
; : < ) H X)
£ —_—F > N turring ponts at nz=0 (min), n=| (maX),
! \V n=3 ?wﬁ'\') (coeffrcrent of n>0)

< . < PENERS
0. yzh 'n-l,g-Sﬂt we3 ! e 1 ve valid:
For fowr reol solutions , all of the following condition$ mus AV
The vaiues of Y at w0 and M=3 must be less tham 0. while
must be sreod’@' than 0
K<0 » 5t >0, ~27 tk<o

zl, the y valne

- -6« <@

Turn Over
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G. The graph of all those points (z,y) in the zy-plane which satisfy the equation
siny = sinx is drawn in
(b)

o @ y
when n=0 and y=0, siNy=sMN =0, elimnating b and
when i e7t and Y=0, sin y=sinm=0 , eliminaling a
H. When the trapezium rule is used to estimate the integral

1
/ 2% dx
0
by dividing the interval 0 < z < 1 into N subintervals the answer achieved is
1 1 M 1 2
— e — — e —
(&) QN{ +21/N+1}’ QN{ +21/N—1}’
1 1 1 5
— <1l == d —<S—c——-1,.
(c) N{ (21/N—1)}’ . (d) 2N{21/N+1 }
| <L —_ -1
Jo2"dn: 7N [2°42042 (2727 5+ 25)
gezlm'ehic Sevies
-4 4 -
= [1ra2+ 1[““2 ) ")”
2N
EEAL ;—r\')
L 2% -1 -]
< 7n [3-2 2% -\ )1
T [ 3-2 +‘%—
T 2N 2% -l
- L ( |+ —— )
2N 'ﬁ_' J
© wwwpmteducaton Q@@ C) PMTEducation (c)DSO)
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I. The polynomial

n2a?" 3 — 25nz" 4 15027
has 22 — 1 as a factor
a) for no values of n;

Mfor n = 10 only;

(c) for n = 15 only;

(d) for n =10 and n = 15 only.
when % = | wheh ‘u‘--'

nt) -

nt-2%n+150=0 ,\7(4)’“*3__ 25n (-1) £ (-1)(150)= ¢

(n-15){n-10)~0 2n+3 is always odd

n=15, n=10 ~r\'-25n(-l)"“-‘5°1°
if nis odd: if nis even:
-n?-25n-150=0 -n? +25n-150<0
(n+15) (nt10) =0 (n=15) (n-10) = 0
n==15 n=:10
- the palynomial has n?-1 as & factor for n=10 only.

J. The number of pairs of positive integers x,y which solve the equation
3 + 62%y + 122y% + 8y = 2%°

is

(@) 0, (b 2 @f -1, (@ 2°+2

36
'n-rs-n\JHZ‘ng +833- :
10
(nt2y)%= (2")
nt ‘13 ‘°

A enust be even for to be an integer. n canvol be 0 or 2.

. Theve are ?‘; =2t pairs

Turn Over
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2. For ALL APPLICANTS.
A list of real numbers 1, x2,x3,. .. is defined by z; = 1, x5 = 3 and then for n > 3 by

Ty = 2Tp_1 — Tp—o + 1.

So, for example,
$3:2$2—JE’1+1:2X3—1+1:6

(i) Find the values of x4 and .
(i) Find values of real constants A, B, C such that for n = 1,2, 3,
x, = A+ Bn+ Cn?. (%)

(iii) Assuming that equation () holds true for all n > 1, find the smallest n such that
x, = 800.

(iv) A second list of real numbers yy,ys,ys, . .. is defined by y; = 1 and
Yn = Yn—1 +2n
Find, explaining your reasoning, a formula for y, which holds for n > 2.

What is the approximate value of z,,/y, for large values of n?

Dy M-y ¥l M 2y~ Rg ¥
2%6 -2+ =2X10 -6+l

W) A+R+C<) A+2B+4C= 3 A+3B49C=6

® @ ®

@-0 ® -@

B+ 3Cz 2 B+ 5c=3

2-3c: 3-5C sub into ©
2¢C =1 AzQ

4
c=% 8%
)}
Npebn't g0
i) gnisdtn % 800
nte+n-160020
n7 bl ev00 o g,

n>, 1—;’3 (n is positive)
n> 39.% smallest value of n=40

~
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W) y,<) 31=l+(2"2) Y3 : 1+ 42%x3 gy, = 1¥4+6+... + on
Yo T 1+ 2 (2434 .. +n) T avithmetic series
n: 1+ 2% (n1)(2M)
s 1t 2'\‘7\"7‘*“2
= nten-1
a2
oo alo ‘) as n increases , Un a 1 (n2+n) -
Yn  [ren- Yn o <2
Turn Over
\- y
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MATHEMATICS

MATHEMATICS & STATISTICS
MATHEMATICS & PHILOSOPHY
MATHEMATICS & COMPUTER SCIENCE

For APPLICANTS IN ONLY.

Computer Science applicants should turn to page 14.
For a positive whole number n, the function f,, (x) is defined by
- 2
fu(x) = (3:2 1—1) .

(i) On the axes provided opposite, sketch the graph of y = f, (z) labelling where the
graph meets the axes.

(ii) On the same axes sketch the graph of y = f,, (x) where n is a large positive integer.

[ e

(iv) The positive constants A and B are such that

(iii) Determine

1
A
/0 fn(x)dxgl—n_l_B for all n > 1.

Show that
Bn—1)(n+B) > A(4n—1)n,

and explain why A < 3/4.

(v) When A = 3/4, what is the smallest possible value of B?

3
RNV ENCU R A

7n=1, y4=0 w=-l,yd

3'_‘ ,MT.O

%%lf- 61&5'6“1:0 Fov _,(—M_<('whey\nl‘s |QV9€
61\2(“3’[):0 w20 and fa(uw)x (-1)°

grad(.en'r :0 a'l‘ 'u_'-‘ ) M:O
Fv . > , a8 1 increases

fa(m) = (“m-‘ 1)t sy (! ~1)* (wheve n is large)
n=l,y=0 el Yyt mcveaset at a fester rate than
%:0’3-—‘ (.M.S_‘)'l.

\- y,

O wwwpmteducaton Q@ @) PMTEducation (c)OSO)
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Yyn-2

] o !
= "
= (— t-
= (4n\ \
. n-(¥n-)
n (un -1)
= 30 4
n (4n-\)
3'\" _ A
n(4n-1) ntR
3n-l 5 A
_ /
n (4n-) n+g
[3n-1)(n1 8) > An(Hn-1)
3o n + 380 -8 5 +An - An

(3-4A)n2+ (A-1+38)n-B >0

v. A=3 (38-%)n-820
28~ %0
\_ B>,J§

-1
+ 1l -2

+rn-2n ]

(33'#)'\-3 is at a mirvmum when n=|

. smallest possible value of B is ¢

) an

N 1

N

w)=-0

¢

The coefficient of n? ,in ordev
fov the inequelity to be val»d for whey

n s large

3-4YA 20 .
. { 2
AR iy

Turn Over
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4.
MATHEMATICS

For APPLICANTS IN ¢ MATHEMATICS & STATISTICS ONLY.
MATHEMATICS & PHILOSOPHY

Mathematics €& Computer Science and Computer Science applicants should turn to

page 14.

As shown in the diagram below: C'is the parabola with equation y = x?; P is the point
(0,1); Q is the point (a,a?) on C; L is the normal to C' which passes through Q.

(i) Find the equation of L.

(ii) For what values of a does L pass through P?

(iii) Determine |QP|” as a function of a, where |QP| denotes the distance from P to Q.
(iv) Find the values of a for which |QP| is smallest.

(v) Find a point R, in the zy-plane but not on C, such that | RQ)| is smallest for a unique
value of a. Briefly justify your answer.

O wwwpmteducaton Q@ @) PMTEducation
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mal == = I
4-| = x? g(‘ad\e ?:_ t;})mf i ia
=Qx g_a;_)
-a* = =} (x-a
oot = 5L (2-0)

oyt x = a3+ o
i D=0, (d-l
Ja+ 0 =dara
0= a(da®-1)
aso, a= [L | a=-[L
i QP = (@ -9 + (a*- V)"
lQP\Z =at+ CL4—3_CL1+ {
|QPLE = af ~a*+ |
w. d (a“ N \) - 0 at minimum
d=

40-3‘3&)706
ﬂa(ﬂa"-l %
a= O, o.r\/zT a:—F Ny "
-~ 1), w\mn a=0. (0,0) is e priniMmun Po}‘n
' C an we Yo cloSES\- pom’c on C 10
on

a,mA (.)om OY\

.
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5. For ALL APPLICANTS.

Given an n X n grid of squares, where n > 1, a tour is a path drawn within the grid
such that:

e along its way the path moves, horizontally or vertically, from the centre of one
square to the centre of an adjacent square;

e the path starts and finishes in the same square;

e the path visits the centre of every other square just once.

For example, below is a tour drawn in a 6 x 6 grid of squares which starts and finishes
in the top-left square.

For parts (i)-(iv) it is assumed that n is even.

(i) With the aid of a diagram, show how a tour, which starts and finishes in the top-left
square, can be drawn in any n X n grid.

(ii) Is a tour still possible if the start/finish point is changed to the centre of a different
square? Justify your answer.

Suppose now that a robot is programmed to move along a tour of an n x n grid. The
robot understands two commands:

e command R which turns the robot clockwise through a right angle;

e command F' which moves the robot forward to the centre of the next square.

The robot has a program, a list of commands, which it performs in the given order to
complete a tour; say that, in total, command R appears r times in the program and
command F' appears f times.

(iii) Initially the robot is in the top-left square pointing to the right. Assuming the first
command is an F', what is the value of f7 Explain also why r + 1 is a multiple of 4.

(iv) Must the results of part (iii) still hold if the robot starts and finishes at the centre
of a different square? Explain your reasoning.

(v) Show that a tour of an n x n grid is not possible when n is odd.

O wwwpmteducaton Q@ @) PMTEducation
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B, [T As n is ant €ven Number, this pattern
= ol werk for any n — thare would be
— 1 N branches, bejore retwning upwards
— f —\% Yo originad point.
I, Yeé. T‘f'\ﬂli_*olu;'hvisi{-s alk Sq;nhis so ¥lo some paftern
con e traced any point,
Wi, p=n® (s every gh:;ra.re CBS visited one andk {hwre ane
2 squowes
-?hﬂ. robot s?ra.r’ss Po'm’h‘n ri%Wi and \'m:\S\neS P-oinﬂ'vtg
up(r‘%ums)_ Im’s buras on@ morve (rt lurns) it wi
- to

agoAn and un n
pulbiple © 2— n [ circle Yo the on%mcd
o\'sfecfion, s el is amulHPla 0\( 4.

Y Y Wil be the same, os ever% gy uare i sHU visited

. onc. r+l s not V\ecesscu‘ns\‘o. mul-&if-u ov_.q. oS
fhe rolot could Shast and \mish pointing 1

goume chirecHoN

ik be shodad n this
e ?\L -Yﬁc? nrobo‘r gi-af’c_i c;‘n &
| are it wmust pmis
on ﬂf\odwswwiqu wm)f:? (w\n\dn is Yhe Souma
' colows™. ‘ -
The fobot would MO < dﬁ:ﬁ patern

' owl, ..o
o \\Swndmt;:g )a;e ’;o a Spuae o e same
[ wﬁ;erem?ms an even number o) mOVes. However,
;:‘o ‘?8 odd  and n* (fhe numser oy moves) is also
odd. - suth a tour is '\m?ass'a\gtn,

?oin’dn 1 hove taken &

Yy,
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6.

For APPLICANTS IN { COMPUTER SCIENCE

MATHEMATICS & COMPUTER SCIENCE } ONLY.
(i) Alice, Bob, and Charlie make the following statements:
Alice: Bob is lying.
Bob: Charlie is lying.
Charlie: 1+ 1=2.
Who is telling the truth? Who is lying?. Explain your answer.

(ii) Now Alice, Bob, and Charlie make the following statements:

Alice: Bob is telling the truth.
Bob: Alice is telling the truth.
Charlie:  Alice is lying.

What are the possible numbers of people telling the truth? Explain your answer.
(iii) They now make the following statements:

Alice: Bob and Charlie are both lying.
Bob: Alice is telling the truth or Charlie is lying (or both).
Charlie: Alice and Bob are both telling the truth.

Who is telling the truth and who is lying on this occasion? Explain your answer.

O www.pmteducation Q@@ ) PMTEducation (c)OSO)
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Gi. L+\ does e%lal 3, 30 Craslie s deling ha futh

This means a+ Bab (s \ng which

is tellin

i I|, Alice s ’relh ‘quz fruth -

lis.

Bob is alse ’ce\\ing
I\, Alice (s \“\n%
Bok is als \\31“3 w
Thorelore eithor & people
P@rso\:ets telling ﬁ\ﬂ

Chaslie is telling the truth: .
Alice's statement That Charlie is lying must be tue,
which is impsssible . Thwejere Charfie s ling and ot
least one o) Alice/ Bob is also lm A
Since Charlie 1s lam Bob is 4ellin mghﬂm ruth an
Alice’s Statement ¥ both Bob

l%s wkcm_ﬂ\e and Alice are \ying, Bb is Mlmg
the truth.

© wwwpmteducaton Q@ @) PMTEducation
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7. For APPLICANTS IN COMPUTER SCIENCE ONLY.

Consider sequences of the letters M, X and W. Valid sequences are made up according
to the rule that an M and a W can never be adjacent in the sequence. So M, XMXW,
and XMMXW are examples of valid sequences, whereas the sequences MW and XWMX
are not valid.

(i) Clearly, there are 3 valid sequences of length 1. List all valid sequences of length 2.

(ii) Let g(n) denote the number of valid sequences of length n. Further, let m(n), z(n),
w(n) denote the number of valid sequences of length n that start with an M, an X, a W
respectively.

Explain why

m(n) = w(n),
m(n) = mm—-1)+xz(n—-1) forn>1,
z(n) = 2m(n—1)+x(n—1) forn >1,

and write down a formula for g (n) in terms of m (n) and x (n).
Hence compute g(3), and verify that g(4) = 41.

(iii) Given a sequence using these letters then we say that it is reflezive if the following
operation on the sequence does not change it: reverse the letters in the sequence, and
then replace each occurrence of M by W and vice versa. So MXW, WXXM and XWXMX
are reflexive strings, but MXM and XMXX are not. Let r(n) be the number of valid,
reflexive sequences of length n.

If a sequence is reflexive and has odd length, what must the middle letter be? Explain
your answer.

Hence, show that
ntl i i
r(n)—{x<%) ‘1fnhlsodd,
5) if n is even.

8]
—~
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3 MM MY, X%, XM, XW, WW, WX

if. By Wgach AUM's with“wts and all “W's with ‘MY
o o WSt o valid Sequens o length 1 beginning
with M, you will opt Hao list o) valid Sequancis o
\engﬂn N beouining with W (and vic versa) 2. mn)= W(h)
A volid seguenca o ken%mﬂ\ n beg‘\mmcﬂ withh M (s
jormad ey odoling M Jo e jont o} o valid
sequence of Lot n~1. As M cannot boe adjucent
w M con obly be ocldool fo sequences Startin
it an Mot aR X - mn)s M) @ :;;(\n-l)_

walid sequance o, length v ipning with X 1S

e bﬂwﬁdo\mg\x U o &) & vl
forquonea by \enath =

Jox(n) = m(n=-1) }-UU(Y\-\)JD-I(V\-\)

—

as W\(n-\):t.kl(n-\), o (n)= Qe (n=1) ¥ (N 1)

%(Y\)= X(ﬁ)-% VY\(_Y\)-\-U\J(Y\) (M(h):- W(ﬂ))
%(y\) < dmn) + x(n)
m(2)= 1 m(3)= m(2)+ X(2) = A+3=5
:x,((?.)-:. 3 x(32)= A (2) +x(2) = Axdy3=71
4 Y am(3)¥-1(3)= axD + I=17
3(4): &M(d“)) i 543=12
=mR)+x(3)=241F
:((:%t Q.w‘(».(g) i-j:c.(?..) = Qx5 +F=17

(4) = Lx12 ¥ 13=4| o an wnthanopd
ddle letec s X i it is to fem F
o mrmb\d Loouldh be teplacedt and Tho seqpancs would

nokx be rejlexive.
for an odd sequence: Take o seguevice be%inn\ng‘wi'm % mwb&
{} and feploce eath oCcumenca &M bj\h} d \V;\\cge versa

< 4o tuhe beginning o ovigi sequan®,
,:etmur . o) W%madcﬁ-ﬂ },X“S' 5 MM sl >‘\/;’:S°“\°\'

: sequanca beainming uith

ed cén "euend S?Eq"te;@éagki:mde&m oy Me%;\é W Noandl \n'd;.

(t on o R
ﬂﬁ;} Nk smasp fo fhe beginning o W original Seopanc.

. f(\’\)f- 'x(_ni), 1» n is even

J
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