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1. For ALL APPLICANTS.

For each part of the question on pages 3—7 you will be given four possible answers,
just one of which is correct. Indicate for each part A-J which answer (a), (b), (c),
or (d) you think is correct with a tick (v') in the corresponding column in the table
below. Please show any rough working in the space provided between the parts.

(a) (b) (c) (d)
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A. The function
y =22 —6x° +5x — 7

has 3_,2;(3—690- +5x-7
(a) no stationary points; o\d _ Gyt -2 + S
(b) one stationary point; 'd_i - "
two stationary points; . ks occor W en
Sy Starionony POt

(d) three stationary points. e numoer of

Ad.p.TO oorein
n Lvse

x
o;olu\-(cw\s +o %zo we €

e discdminovy b2-tacl

RecOM ! (- 12\ (s)
O = (v - 4 (6)
bt-4ac =0 revwggg\ < 7 = 14y - 120
bt-4ac20 +wo d»is%:ggi‘-_& - 24 90
b2-4ac<o no reai roots So Lhere are oo solushins 1o

%_g:_o ond Wene fwo staxondy
PQ(V\“'S.

B. Which is the smallest of these values?

o omer, 0 @ © () @ e

logyom

since the value of 7L is less than 10 ,

— = define i+ Yo
L= log,, <1 make i easy
o work wiva

(0) log,oT =L
/
o figa Y = [Legan
= 2L 2 '(:% since we tnow L&Y,
- JiL SL we wove L<K2.

| -3
(c)(—’(ogwn)‘g- L °>12L

) e B
(d) gl 109:dTTI
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C. The simultaneous equations in z, ¥,

(cos@)x — (sinf)y = 2 —0
(sinf) x + (cosf)y = 1 _@

are solvable

\?{for all values of # in the range 0 < 0 < 2m;

b) except for one value of ¢ in the range 0 < 6 < 27;
(c) except for two values of € in the range 0 < 0 < 2m;
(d) except for three values of € in the range 0 < 6 < 2.

Qet cos@=c ond 5inB=S for eose o} Notrafon: CX = SYy= N0,

Sx +C3=\ @
ENminate Y by ex@+ Sx¥@: clx+S22x=2C+S5
D ax=2c+S S Lnere we’ve uvied

2 =
Eltminate x by ¢ xO-5x0@: ng.rsz}j-.-c—?.s stncecz“ =\

= y=c¢-2s Co’? @ +sinz@=!
the e.ov;mh'om %= 20630 +sinl®, \J:Cos0~2,$f¢\0 ore clearly Solwable
ot o\ vawes o6f O in +whe vonge o0L@e2, c.e. SUGSHIVENG any
vawe ¢ O in [0,2m) will give o vaud solotion for X ond Y

D. When
143z 4522+ 72+ - + 9924

is divided by x — 1 the remainder is

(a) 2000, \(y/ 2500, () 3000,  (d) 3500.

Remoainder +heeorem: yyhen o ?O\SV\W{M ?c:n (s divided
by (x-1), +he remainder is PO,

Let  prxI=\ + 3x + Sxt + 333+ -+ Aqx?
Then
PC=1+34 543+ +AA

=50 (14 919) ~_ ___— Yere we’ve uted the
2 orula for e suw of-

= 25 (00 = 2500 // finite antrymerc progression:
S\'\ =.2 (a\ + an‘,

wwere Nn=50, 0= |, &n=q19
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E. The highest power of x in

{ {(2x6 T 7)3 + <3ZL’8 — 12)4} ’ 4 {(31,5 _ 121'2)5 n ($7 N 6)4]6}3
is (a) a*, (b) (c) 2™, stozx'

[(se7)* s (o Y] T+ (3 120) MCRIPATN
L_,—J \_,__'

3

%18 un 32 %25 n 2’
- (160 - ! 168
n n
L——\
T )
S0y
N

R comes Lrom (xm:)'S . 0 5%
F. If the trapezium rule is used to estimate the integral

[ s

by splitting the interval 0 < = < 1 into 10 intervals then an overestimate of the integral
is produced. It follows that

a) the trapezium rule with 10 intervals underestimates fol 2f (x) dx;

(
(b) the trapezium rule with 10 intervals underestimates fol (f () — 1) day
ye trapezium rule with 10 intervals underestimates ff f(z—1) da;

the trapezium rule with 10 intervals underestimates fol (1—f(z)) de.

J' (1-f(x)du is the area under the veflection of f(n) |
‘-:MQ w axis , followed by @ translation of 1 unit poraliel to e y "‘"“9.
Tne veflection in the » axi§ changes e overestimoate fo an underestimafe,
while the translation does not affect it.

O wwwpmteducaton Q@@ ) PMTEducation () OOO)



\
S=PMT
‘ -resources-tuition-courses
G. Which of the graphs below is a sketch of
1
y= 4o — 22 -5 ’
y y
/ X \ X
(a) (b)
y y
\ X //, X
i W
i |
U ez
n=0
J—
Y=
eliminating & and b
d o (Un-17=5)""x (4=2m) 20
n
Yy-2n <0
n=0
turning poini at n=2,
eliminating d
“~ answev 1§ C
J
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H. The equation
97 — 3"t =k

has one or more real solutions precisely when

W k94, () k>0, (0 k<-1  (d) k>58

?% _3‘M+I -—
3™_ 3x3™ -U=0
ety 3™ y?-3y-heO

Yy 3t Ja+yk - has polutions fov
2 k>, *.Ell

a$ Y= 3"
y>0 but larger root alwoys positive
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I. The function S (n) is defined for positive integers n by

S (n) = sum of the digits of n.
For example, S (723) =7+ 2+ 3 = 12. The sum

S(1)+S(2)+S(3)+--+5(99)

(a) 746,  (b) 862, \(5/ 900,  (d) 924.

SO t§(2)+...18099)
The first digiy includes ten of each number from | to 9.

The Second digit inclndes ten of each nuwmber from 0 o 9.
s~ the sum= 20% (1+2...+7)

equals

20 Y45
900

<

J. In the range 0 < x < 27 the equation

(3+cosx)’ =4 —2sin®z
has

(a) 0 solutions, M 1 solution, (c) 2 solutions, (d) 3 solutions.

-1 £ cotm 1

<1¢smn ¢
2 ¢(3+co) sy

0$ s€n3u$|
-2 ¢-28n80 €0
2 ¢Y-2sinfn ¢

yg (3+ cosm)2¢16

The only point (3+cosu)2= Y- 28n¥n has a Solution vs when
(3+cosn)i y-29m8xn =4 and - theve 18 | Solutiom

g
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2. For ALL APPLICANTS.

(i) Find a pair of positive integers, x; and y;, that solve the equation
(331)2 -2 (91)2 =1
(ii) Given integers a, b, we define two sequences x1, T2, 3, ... and y1, Y2, Y3, - . . by setting
Tpa1 = 3T + 4y, Yni1 = ATy + by, forn > 1.
Find positive values for a, b such that
(95n+1)2 -2 (yn+1)2 = (%)2 -2 (Z/n)2 :
(iii) Find a pair of integers X, Y which satisfy X? — 2Y? = 1 such that X > Y > 50.

(iv) (Using the values of a and b found in part (ii)) what is the approximate value of
Tpn/Yn as n increases?

ijn =3 ,y,=2 (frial & ervor)
i) (3mn+4yn)t-2 (by, + Gun)'s nn - 297

ML by + Wy~ 2(aT0, +bPY% + 2abyana) < M} - 2y

9m, - 2™, = U, 16y, - 2py2 = -2y 24N Y = 40BN Y =0
$: 20" 18 = 2b* 24 = Yab
alzy (a>0) btza (b>0) swbin a2 ,b=3 1
a2 b=3 checl :
Yx3xg = 24
i) Man * 3% 4y, Yan® 2na¥3Yn
‘K|‘=3 )lﬂ)'-z \37_% 2x3+3xl
n,< 3x3 +4xi =15 (17 <SO)
ny = 17

Y3 = 2X1T+3x12
Ny = I T4U4xIT

ni3 = 99 =10
99 » 70 > 50
o X=99  Y=170
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V) %p -2y, =
2 2
Mo 20 o
UVl Unz U" 2
M)L_ 2= b as Yo ncreases,
Yn Yn
LI B ]
( Yn ) -

#-)o
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MATHEMATICS

MATHEMATICS & STATISTICS
For APPLICANTS IN ¢\ ' A rHEMATICS & PHILOSOPHY ONLY.

MATHEMATICS & COMPUTER SCIENCE
Computer Science applicants should turn to page 14.

(i) The graph y = f (x) of a certain function has been plotted below.

y

On the next three pairs of axes (A), (B), (C) are graphs of

in some order. Say which axes correspond to which graphs.

y y y

(A) (B) (©)
(ii) Sketch, on the axes opposite, graphs of both of the following functions
Y= 9 and Yy = 92—,

Carefully label any stationary points.

(iii) Let ¢ be a real number and define the following integral

1
I(c) = / 2= dg.
0

State the value(s) of ¢ for which I (c) is largest. Briefly explain your reasoning.
[Note you are not being asked to calculate this maximum value.]
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y: 224»-14"
) y= f(-n) , reflecton in y axis B
y= -f(n) , reflection wm % axis , A
y= f(m-1) , translation of (:;) , C
i) y= Z-n: e_utmz 2m-wut= - [ur-2u]
gﬂx._ -Qu(lnl)l-ut‘:() - [m-1) 2-l]
2 M £0 m=0 : 1 (u-1)?
m-n? 1= (m-)?

E 2t g y* T ranslated by ((',) followed by a Stretch pavallel

to the y ax’s with tcale factor 2.

m -nt .
" turning point of Y = 2 is ot (1,2)

1

i) c=L1 sa that the hith‘T part of y = 2% is moved to the

middle of 0 and 1, -~ Maximising the aven undeyneath the graph

and max\'mis{ng Ic).
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4.
MATHEMATICS
For APPLICANTS IN ¢ MATHEMATICS & STATISTICS ONLY.
MATHEMATICS & PHILOSOPHY
Mathematics € Computer Science and Computer Science applicants should turn to
page 14.
y
p
Let p and ¢ be positive real numbers. Let P denote the point (p,0) and @) denote the
point (0, ¢q) .
(i) Show that the equation of the circle C' which passes through P, @) and the origin O
is
2* —pr+y* —qy = 0.
Find the centre and area of C.
(ii) Show that
area of circle C
. = .
area of triangle OPQ)
(iii) Find the angles OPQ) and OQP if
area of circle C' 5
= 27.
area of triangle O PQ)
J
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4_ Y
Q
C
\
N\, /
\O'\ P //P!i,%x
5 ameter o), tho aircle
.. As < QOP =107, QP m‘*s*gbe fla d,ﬁne« be i ot o 4k
qlz.; pt= (QP)2 QP=&(‘ | CifC\?- 023 = ©
ile 5 L M(E
24p2 - (2 4 XY 222
. o a
icc\e (£
T _G\2 = g2+ P2 @nte o) CfC 202
(.I -&5 -\'('ﬁ %_‘-) qL‘—-\_—— . e = a2+ PR
2 g Aa o) ciccle = 1Y L—L4~
o - poe 482 Hy-qu & =9e
- =0 =
T aapt)  Area oy wiangle OFQ= £
. Aea o\ cicele C= ( % [)2_%77/2[&1/
249%\ o ¢ g"ﬂ’z,
(el )%& - (ze«, ) 0°=42=2pq 70
n(p;_oﬁ) 24 (P-4) 770 . oo 05 bqporing. (-4 Poang i, s olusugpvine
) s - lot angle OQP= &
iii. ot angle OFQ= i
‘hanL:'_QL_ +‘”‘f§"w - l :Q.'ﬁ
P _ 9493 Yant S
v 2, z):: or '\'Qn(g- 2'{' 3
204,
?7..‘,% = 4W
2y | =40
gy
P -4p 4120
a* 4
p= 42 4 patel
% a
e =412
Y 2
_?__:Zt\E
%
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5. For ALL APPLICANTS.

The Millennium school has 1000 students and 1000 student lockers. The lockers are in
a line in a long corridor and are numbered from 1 to 1000.

Initially all the lockers are closed (but unlocked).
The first student walks along the corridor and opens every locker.

The second student then walks along the corridor and closes every second locker, i.e.
closes lockers 2, 4, 6, etc. At that point there are 500 lockers that are open and 500 that
are closed.

The third student then walks along the corridor, changing the state of every third locker.
Thus s/he closes locker 3 (which had been left open by the first student), opens locker
6 (closed by the second student), closes locker 9, etc.

All the remaining students now walk by in order, with the kth student changing the
state of every kth locker, and this continues until all 1000 students have walked along
the corridor.

(i) How many lockers are closed immediately after the third student has walked along
the corridor? Explain your reasoning.

(ii) How many lockers are closed immediately after the fourth student has walked along
the corridor? Explain your reasoning.

(iii) At the end (after all 1000 students have passed), what is the state of locker 1007
Explain your reasoning.

(iv) After the hundredth student has walked along the corridor, what is the state of
locker 10007 Explain your reasoning.
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5i. In‘nallg (000 lockers are Closed.,
fson, {00 lockers ase open,

{st
ﬁvvrtg' Qrdpe rson, D00 open (odol r\umbers) 500 closed (even numbers)

Aler 3rd Person "333 leckers jave Ccha
wc".eo\ are (a_y\d becoma Closed) 6 ore® even (a.no( becomg
0 pen), 333 (odd)" [ackers reman gpen, 334 (evern) remaur closed.

bOl lockees are closed, 439 @@ open.

i A a}? peron 250 lockers have chomaeo\ stave. All ajected
even, ‘33 o the (66 even open lockers are divisiblo

4 and hecqu closed. 167 o) 334 even closeol lockers
dWlS\bLQ bu 4 ad beamma open. 334  |ockeres rEman

Closeo\ 416 remaun open,
. 41% [ockers are closed 583 o€ open,

. Factors 0,100 | | V] 2[4]5]i0ld0| 25( 50| 108
Shetee S} Lother c{o‘c[o\c \olfclo[Cc (O

Locker 100 (s open a the end.

N. Factees o 2000 Wa\ﬂs)z‘\o}ao(\}; lboiloo
State o} Lockee | ¢ 10 \ C[OICIQI o |

-, Lockee 1000 (s open offfef fhe 1001 s
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6.

For APPLICANTS IN { COMPUTER SCIENCE

MATHEMATICS & COMPUTER SCIENCE } ONLY.

(i) A, B and C are three people. One of them is a liar who always tells lies, another is
a saint who always tells the truth, and the third is a switcher who sometimes tells the
truth and sometimes lies. They make the following statements:

A: T am the liar.
B: A is the liar.
C: I am not the liar.

Who is the liar among A, B and C? Briefly explain your answer.

(ii) P, Q and R are three more people, one a liar, one a saint, and the third a contrarian
who tells a lie if he is the first to speak or if the preceding speaker told the truth, but
otherwise tells the truth. They make the following statements:

P: Q is the liar.
Q: R is the liar.
R: P is the liar.

Who is the liar among P, Q and R? Briefly explain your answer.

(iii) X, Y and Z are three more people, one a liar, one a switcher and one a contrarian.
They make the following statements:

X: Y is the liar.
Y: 7 is the liar.
Z: X is the liar.
X: Y is the liar.
Y: X is the liar.

Who is the liar among X, Y and Z7 Briefly explain your answer.
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Gi. The statement “T am the lias™ comrot e Saiol
ék\\ou)‘r ft‘ a*t Sg'mi', There : A is o switcher mgénm

s stotemont (s Jolse and Bis & liar, C/ ’ '
trug, so ijore aEmM-. ‘ B

ii. There is only one liaf, meaning just ane o e Hweeo
Statemerts Can be true. Th rél‘ore the C){ni-ro.rio.n must

\ie, makivg, tham either {he }irs¥ to SPmk or a

saint, Rt Pand Q ('H/LO. fiest fuo s\-q*emenﬁsm that ‘

fng speaker ajfor fhom is the liar, _ rrarion

Comwnot Come Glfor Y saint (Hhe cntrasan is ot fhe liar)

ond must come lirst. Pis contrarian and lies; w@anine)

Q is Ahe suint anct R is the liar,

. I}, Yis fhe Lo ‘

x's fjrst Statement is frue and since they are tho \irst Yo

wconnot be @ coniranan, Thorelore X a switcherand

speuk
Z is “fa contrarion., i , )
Yis vps\. statement is \a\se (Z is a con+rar|an)) consistent with

Y being, a liar, .
Sig statement is alie, However, m‘gcey\cus Statement
was o lie ond. @ contrarian cannotr W the chd.’"ﬁx

gpearer lied..

.-.Ps/ais not the lWar,

T\, 2 is th liar:

yis Jirst statement is a lie, meaning thoy ould be o switcher

trocian. '
% T{csc\'o "stﬁém (S taug, meaning fhay could be o switther

covttarion, ‘ ‘
e sistent with Z bemg Yha lar,

Z is Ny, T Yae Second Stotement meanin
n wn 0
ey N a%)

X is | inoy a9
e ell the tth a
ase Sukcher (contrarions g smmen

] v
e cortrorian, However Y .
\(/sm:S\li.eb “ o contranian wouldl telt the fruth, SO it

is impossible,
52 2 iP:sno{' e liar,

Iy X is the liar
X's |icst Statenont (s & lie,as Y is not tla liar.
yis et Statement 1S & ke, moaning Y is fh switcher

rrorions el the huth o a Ue). Zu% the contraran.
g';ﬂs.m*emen\- is hug X's sta*vgv{wem s ale ond Vs
last statement 1S hue, oMk oY which are Consistent,

- x s e liar.
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7. For APPLICANTS IN COMPUTER SCIENCE ONLY.

Ox-words are sequences of letters a and b that are constructed according to the following
rules:

I. The sequence consisting of no letters is an Ox-word.

II. If the sequence W is an Ox-word, then the sequence that begins with a, followed
by W and ending in b, written aWWb, is an Ox-word.

III. If the sequences U and V' are Ox-words, then the sequence U followed by V', written
UV, is an Ox-word.

All Ox-words are constructed using these rules. The length of an Ox-word is the number
of letters that occur in it. For example aabb and abab are Ox-words of length 4.

(i) Show that every Ox-word has an even length.

(ii) List all Ox-words of length 6.

(iii) Let W be an Ox-word. Is the number of occurrences of a in W necessarily equal to
the number of occurrences of b in W7 Justify your answer.

You may now assume that every Ox-word (of positive length) can be written uniquely
in the form aWbW’ where W and W’ are Ox-words.

(iv) For n > 0, let C,, be the number of Ox-words of length 2n. Find an expression for
Chy1 in terms of Cy, C, - - - , C,. Explain your reasoning.
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uence with No \etters (L) is even 1Y odds

+i, :
‘ h{:o idhers ab o fine to o word, meonin e
botal will stay even. TIT Ccombines previ ws
ox-words, all o) whidh are @ven, Thurgore ok word s
using IIT will be even and all ox-words have
an e%en lenaﬂ,\_
. oaabbb
o.babab
abaabbo
oobkbab

cabably

ii. Ves T has O ‘a"s and. O “bs, I adds |o) ealh,
wooning o words  |erwed a%"ﬂr\\'is rule will have
equal umbers o) “a¥s anad>“b's TIT combines
previous ox-words, alk o which have egual “a's
and “b"s | . ol ox-words' will have an equal
bolane beiwen “o’s and “bYs,

V. Cns, IS the number o) Ox - words o \emarh An+ Q.

. oWbw' is dy the length Lne l.ovua’{h oy

a&- the \P.ncAW\ o) W' = an.
Let the \ength oY W be Ak (where R¢n) Thoe Qe

O)x ~words 0 lengrh L. ]
%‘m length oy w}/is 2(n-R), Thwe afe Cr-k O wotd s

Yhis \En%ﬂ'\. |
'I:/\\(M\'J(@? the number o) Ox-wods o) gy ¥h an+d @A
2 GuCon (Jor each valu o) ke fpovn O 10

<
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