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1. For ALL APPLICANTS.

For each part of the question on pages 3—7 you will be given four possible answers,
just one of which is correct. Indicate for each part A—J which answer (a), (b),
(¢), or (d) you think is correct with a tick (v') in the corresponding column in the
table below. Please show any rough working in the space provided between the
parts.
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A. Let r and s be integers. Then

67"—{—3 % 127"—3
ISLING 9r+2s

is an integer if

(a) r+ s <0,
s <0,

(c) 7 <0,

(d) r > s.

2r-125) (riS+v-S)
r+s ) Z(V*S* 3
6 x |2 __
ae = v 2r+ Uy
g x ‘]‘”7‘5 2° x 3

-4 will be an inTesev

f s<o, A7x3

B. The greatest value which the function

f(x) = (3sin? (102 + 11) — 7)

takes, as x varies over all real values, equals

(@) -9, (b 16, \(}/ 19, (d) 100.

_|gsm(,on4\|)s\

0< smiionth) ¢l

0< 3 sin>(lomt) €3

7¢ (3sim2(lomtn)-T) ¢4
6 (3sin? (lom+N)=T)2¢H]
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C. The number of solutions z to the equation

Tsinz + 2cos’z =5,

in the range 0 < z < 2m, is

(a) 1, \(J#(Z () 3, (d) 4.
7T sinn + 2005’;5;—\) cos In Sin?m = |

7 sinm +2 - 28t =5 cosim = |-sin?n
25in?n - 7Sinm 430
( 2sinn=1)(Sinu-3)=0
. ) '-'L 't
sinm £ 3 smn = 2 -,!_-./\\

no Solutions 2 solution$ \/
an

D. The point on the circle
(¢ =5)"+(y—4)" =4

which is closest to the circle

(e—1)*+@y-1)"=1
} \y{ (34,28), () (34, (© (5.2), (d) (3.824).

line from centre (S,4) to (1,1) goes through closes] pomni
on each civele ta the other

- 3 - - L
gradfen’p?"l:'l'_ :ﬁ_ 5-(-7(71!) 3-%7“,.}
' < ) n:3.8
- n M= Y n =<3 n
substitute | 4 2.3 y =25 Y4 Y4 #2 j=3.li‘“‘
- the ~hbisnoten -~ C isnof on - d IS no't
a 15 .o the line ihe line on the [inQ
livne
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E. If x and n are integers then
1-2)"2-2)"B-2)"(@4-2)"6-2)"
is

é;){negative when n > 5 and x < 5,

negative when n is odd and x > 5,
(c) negative when n is a multiple of 3 and = > 5,
(d) negative when n is even and = < 5.

I+ n is0dd and n >5 , the expressior& wovid be :
. .even i
(negaf;ve)°ddx (megaﬁve)eve"x (n93a1u've)° d x (negative) x ""3""'"*)

< necative x positive x negative x positive x neg ative
(V)

= negah’vQ

F. The equation
8m+4:4m+2m+2

has
(a) no real solutions:
(b) pne real solution e Ny Y - L’ n,2 nt
two real solution
; N
(d) three real solutic 2 M, 2 2_ 2 n + 2 2 x
" = 92 n_
2 (2™-1) = 2%(27 1)
2N _ 2 n_) = 0
27 =2 2 'n
2m = 2 27"=
n = | n <0

. fwo veal Ssolutions

o
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G. On which of the axes below is a sketch of the graph

y = 27" sin? (:r;2)?

0.4
o.af
0-2/\
0.2l
0.z} 1 v A/ & 5 7 &
/\ -0-2
0.1}
AMA[\A/\AAA: R
1 2 \JX a 5 3

[
0.5
0.
0.4
[
0.2
0.
0.2
. : /\ I v /\/\AA/\/\/\A -
1 2 2 4 5 [ 2 2 L3 5 (3
(c) (d)

3:51‘7‘ Sinz(%z)
and §in?(n?) ave alwoys

Both ;1 . .
positive, malking Y alweys pos

ond elimfnaﬁng (%)-
L sin? (0)=0 , elimnafing (4)
2

ns0,Y*
Y0 when wt0,m, 2.
(sin"(h"-)‘o)
M:O ) JTC ,,Jln
eliminating (C)

.. ansSwev l.’ (00
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H. Given a function f (z), you are told that

/013f(;z:)d;z:—|—/122f(x)dx = T,
/jf(a:)da:—i—/jf(x)dx = 1.

It follows that f02 f (x) dz equals

3 ]! fn) dn zj:{(n)dl: 7

L s
" 0+®@: I st [ o FOOR

1
3" #tw du + 3] ¢ ORI RO
= ‘ff:f(u)dutﬁ
V2 f: f(n)dn=2

{ 1
(] foadx +3 | frada

=3 [ S: fedx + Sf{m dl}

< 3 Stf('x\ dx

o
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I. Given that a and b are positive and

4 (log,g a)2 + (logyg b)2 =1,

then the greatest possible value of a is

@ o 01 g VI @ 107

Y (10g,, %) ‘-r(log,ob)z-.

rainimum value of (109, b)*=0 ., when b=|
maximum value of a= Y (109 ,OQ) | (109,oq) s at @
(1090 0‘) 2. d Y MQ.?‘\MMM valne whth
- o 18 at o maxivwum
'05'0 * T2 value
a =i

J. The inequality

(n+1)+ (n*+2) + (n° +3) + (n'®+4) + -+ (" + 100) > &

is true for all n > 1. It follows that

(a) k < 1300, The eq/v«a'hoy\ con he VEWVIO'H'QY) as -

2 1000 +
gg)l];><1(1)(1)110000 ntn*+nl+.. +n + 1+42+34...1100>k
Mk <5150  +2+43t.. %100 = '°°(H)oo)=soso

ninYaenT+ 1+ '°°°°+ 5050 >k

mnimum value of n+n¥ + n 9000 5 when
n=|
| x100 + 5050 >

lk < 5150
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2. For ALL APPLICANTS.

Let
fo(@) =24+ (=2)")2* + (n+3)x +n?

where n is a positive integer and z is any real number.

(i) Write down f3 (z) .

Find the maximum value of f3 ().

For what values of n does f, (x) have a maximum value (as x varies)?
[Note you are not being asked to calculate the value of this maximum.]
(ii) Write down f; (z).

Calculate f1 (fi(x)) and fi (fi (f1(2))).

Find an expression, simplified as much as possible, for

fi(fi(fi (- f1 (2))))

where f; is applied k times. [Here k is a positive integer.]
(iii) Write down fs (z) .

The function
fo(fo(fa (- f2(2)))),

where f5 is applied k times, is a polynomial in x. What is the degree of this polynomial?

. TWIS Cotncidls wotrn
1 (') ‘f"od: (2+ (-?.\“)OC" + (x4 nt e OVOfadrodﬁﬂ S'Qf’h

For n=3: §200= (24 (2¥)x* + (3+)x + Gy Naving snape N :
(2"‘ ‘8)11 + 6'-I +Q MAXIMUM\b

- 6% + 6% +9 -71:%—

~¢[xr-x-31
3
=6 (x4 P-1-37=-600x-3) - 1]
= - € (x-3)" +2l

So, f3(x)= —G(x-t)‘d—i\.//

=1,
The wayivwum of f260 (s 21 wwhith oceus ok X=7 //
M generad, fnlx) is o oguadrodic <n X whithh Was o
Matimuwn whnen +he lRading coefficlent (S negahve.

24 \" o = (-2)" ¢-2.This ineguality s only true gor odd numbers

> For Ruen
greater than 1. Numbers Lis weuld

svhve wnich
Connd+ then b et
Enan -2. For n=1 we

have Ww*\? J

\)

"
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L(i) 4n00= (24 62N )x? + () +

For n=1: §,(x)= (24 ) )22 & (143D + 1%
= 4x + |

So, §1(X)= ‘-\-‘)(-l-l./

S 05.00) = Ghx+]
= 4 (gx+0) +|
= 1bx+4 +|
=\61+5
£ (5 (50N = 4§ (£60) +)
=4 (16x+S)+)
s b4 x +20+1
= 64x +21]

(using £ (f (x)) from obove )

gtz(x) = ‘L [‘fl (‘[‘1 ('“"‘S:l @))
. k Limes

= L"‘:lt-‘ (%) +1
. K2 \
Noice q'[‘*”\mtxﬂ-}l-&-ﬂ = ¢4y () + 4 »

¥hnese powes
sum T K, g2 [L‘. (52 00) + |]+ 4 +|
mlﬂm F 4t ru 4l

= L;n-i; (x) + q.""-;. L}"'z 4 ...+ 4r4+ 4 4+ |
]
= 4% (o)) + 44 ¥4 b 4T+ Gt
= L‘,Kx + q.g’l+q.k-l+q.t"3+...+l.|,?.+q,*'
= 4%x &+ (14 G+ur ot y*)

vstng sum of finike
-} eoniemic RAes : Sn= &, (1=
= 4" 1(-4%)\ = '-l-"x + i'_"—-—-— % -
o+ (L) 7 /

downere,

|-
L QI.';:
nek (Ebne nuwoer of s
26). £ ()= (2+ 2")x? + (n+)x + nt

i
=92 (x)= (2+¢2P)x2 & (2+¢3)%+ 2 . deg 2.
re nj f}: = bx2 45X 4y y T B2 potupomial of deyes
2
= (62 +5X+4)+4
For k2 &({t(ﬂ)&;:(fv: +&gsxt):§\ ve & Cwnich comes fron sgporing the x2 jam),
e con

o), tne degee WM doudle of each ireraXion, i-e. fp (fa( f2.GN)
So, in generar,
will bes ee 23:8.

K
So scv\a'oJ\. £ (5 {(t(...{-,(x))')) x times will be degree 2.

J
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MATHEMATICS

MATHEMATICS & STATISTICS
MATHEMATICS & PHILOSOPHY
MATHEMATICS & COMPUTER SCIENCE

For APPLICANTS IN ONLY.

Computer Science applicants should turn to page 14.

Let

where ¢ is a real number.

(i) Sketch y = (x — 1)* + 1 for the values —1 < < 3 on the axes below and show on
your graph the area represented by the integral I (1).

(ii) Without explicitly calculating I (¢), explain why I (¢) > 0 for any value of c.
(iii) Calculate I (c).

(iv) What is the minimum value of I (¢) (as ¢ varies)?

(

v) What is the maximum value of  (sinf) as 6 varies?

Y \) so.-,(‘x'\\i )\
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3;.‘) beth (m-c)* and ¢ * are positive , meening ((m-c)*+c?) >0 and -~ I (c)>0
| 3 2 |
2'”) jo ,nz_ ZCM-"' ZCtdn:[_uT _an + 2.(‘ nJo

I(C)=’§'-C+1c"-o
1 (c)=2c%-c*+g

i) I°(c) = 4c-|=0 (I1"(c)=450, minimum pont)
c= g
1(¥F)= 2ax(HF)-HF+3

= minmum value of I(c)

S
T
v) -1 <sinds| wmaximum value s at I (-|) . the furthest away from tne

mnimum point (°°’-’;‘) s ¢z —|

1(-1) = 2%l + 1 +%

= 3+"3L

o
3

y,

Turn Over
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4.
MATHEMATICS

For APPLICANTS IN { MATHEMATICS & STATISTICS ONLY.
MATHEMATICS & PHILOSOPHY

Mathematics € Computer Science and Computer Science applicants should turn to

page 14.

In the diagram below is sketched the circle with centre (1,1) and radius 1 and a line
L. The line L is tangential to the circle at @); further L meets the y-axis at R and the
x-axis at P in such a way that the angle O PQ equals 0 where 0 < 0 < /2.

¥

E(6)

4(8)
> P

(i) Show that the co-ordinates of ) are

(1+sinfd,1+ cosb),
and that the gradient of PQR is —tané.
Write down the equation of the line PQ)R and so find the co-ordinates of P.

(ii) The region bounded by the circle, the z-axis and PQ has area A (f); the region
bounded by the circle, the y-axis and QR has area B (). (See diagram.)

Explain why
A0)=B(rm/2—-0)

for any 6.
Calculate A (7/4).

(iii) Show that

O wwwpmteducaton Q@@ PMTEducation @lokEle
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%I
i, Q(XJB) & S(nﬁ: CTS- COS‘A:_S_Q_.
1
x=1|+CS 3:|+SQ

x =t sind (drh cosd
Q(1+sind, [1cosd)

CQ is prpndicular to PQR
grot o), CQ= 5Q = cosd

£S Sind
-l = (:oséA = C‘Smoh.o'.n% o) PGR = ~tand
Sin .
ld - (1+ Co%é) = ~Jf0.ﬂé(1 - (! &sm‘é»
ok P}%:O

_.<(+CQS‘A) T (\tSiné)
-tan

cosd + s+ sind4 sintd = x
Sind <ind

= | + CQSA* Siﬂé P( | 'i'COSé"’SiY\Q ) O)
sind Sind
I P= “6
e - Gld be watten OS A(% ’é) ard

- e area B(4) we
fhe area. A(é) woul
A= B(&-4)

o be written as 8(1;;~A>
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) .—.3(1:_) o oat é=_4fi) oP= oR

ALR)+B(E )+ 30 %1% +1x] = LxoPxoR

QA(E) +30 4 | :_l_x( (+CoS(T)s s‘m(g))Z
. TS
dAR) + 304 |

:%X(Q* J{)zzz‘_<{42+4ﬁ>

N3
. | &
I ,_131 Acea o\/ oPQ = Q_(‘Ixz_\?}Xﬁ +f 3 A(3>
’ﬁ'C o :%.\._12,-\ A(%) @
3 4
PB—68% Awa o OFQ - (?_p ll)x\x%xz vl
G -
OP (at _’%’.) = l+cosTesind = N3 +? @
S‘m%
= j4alR
@::
Y |
e LenE) =305
A(%): J%g_
)
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5. For ALL APPLICANTS.

Let f (n) be a function defined, for any integer n > 0, as follows:

1 if n=020,
fn)=< (f(n/2))* ifn>0andn is even,
2f(n—1) ifn >0 and n is odd.

(i) What is the value of f(5)?

The recursion depth of f (n) is defined to be the number of other integers m such that
the value of f(m) is calculated whilst computing the value of f (n). For example, the
recursion depth of f(4) is 3, because the values of f(2),f (1), and f(0) need to be
calculated on the way to computing the value of f (4).

(ii) What is the recursion depth of f (5)7
Now let g (n) be a function, defined for all integers n > 0, as follows:
{ 0 if n =0,
g(n)= 1+g(n/2) ifn>0andn is even,
1+g(n—1) ifn>0andn is odd.

(iii) What is ¢ (5)?
(iv) What is g (2’“), where k£ > 0 is an integer? Briefly explain your answer.
(v) What is g (2 + 2¥) where [ > k > 0 are integers? Briefly explain your answer.
(vi) Explain briefly why the value of g (n) is equal to the recursion depth of f (n).

) g(2%)< 14912 ) siex) +9 (2°)

i) £(5) = 21(4) f(0)=1 g(24) =k +g01)

F(u) =(f(2))r =2 9(2k) = kel

.F(z)_:({(l))l 'F(l)-z'-l V)9(1¢+2n)= u+3(2°+2"-u)

BCi)- 2f(0) ) cle g(21+2%) kvl +g(2"™*)

f(S):32 bea kY )
g (2%42%) = k14 L-k+]
;i) Y (e values of F(u),f(2),f(1)and g (2424142
£(0) ave requived to calculate f(5)

i) g(S)=14g4) §(0)=<0 vi) for gln), no matier whether n i§ odd or even,

g(4)=1+tgqcz) 9= | is added to previows valut. As g(0)=0, g(n)=

(2) = Hg (n g9(2)=2 number of alveady calculated valwes

! : 3‘4)=3 .-.3(n}=recwsion depth

9(|)-=|+3 (0) 9(5)_.[’_
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6.

For APPLICANTS IN { COMPUTER SCIENCE

MATHEMATICS & COMPUTER SCIENCE

Three people called Alf, Beth, and Gemma, sit together in the same room.

One of them always tells the truth.
One of them always tells a lie.
The other one tells truth or lies at random.

In each of the following situations, your task is determine how each person acts.

(i) Suppose that Alf says "I always tell lies" and Beth says "Yes, that’s true, Alf always

tells lies".

Who always tells the truth? Who always lies? Briefly explain your answer.

(ii) Suppose instead that Gemma says "Beth always tells the truth" and Beth says

"That’s wrong."

Who always tells the truth? Who always lies? Briefly explain your answer.

(iii) Suppose instead that Alf says "Beth is the one who behaves randomly" and Gemma
says "Alf always lies". Then Beth says "You have heard enough to determine who always

tells the truth".

Who always tells the truth? Who always lies? Briefly explain your answer.

} ONLY.
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6,(. The Statemant ‘T alwa(ds tell Wa™ cannot be said bg
the OYSD le%s tellin ’f’/“l’rru’ﬂ'i(mn fe statement wouldl
8, lie) ac ort always lying( then tHu statewant would
be teue). -~ Alf tells ﬁ«?‘(b éér qﬁm at randow, Beth L:km
when she  says Aly aluays telis lies, meaning She always
(4 and Gemma olways tells e truth
i. I[ Reth always *¥ells fhe truth, her contradickon wouldl
be' o lie. .. Gemma's Statemant IS & lie, rmcmquAl\/
must be fhe one who alu)a{ﬂs tells the truth. Beth's
Sratemant that sk does ot always tell the twuth (s
e, maklnmhﬁf tho random persot  aud Gemma. the
ong who OMAYS lies .

Considering the fiest two statements, i), Al alwa
oS Nt Rethh is e random rin kmd G Smcx

I,

tfells the .

always lies, fb Alj is Mo random porson, Gemma Oduumis

loy ond Reth dlwayt tells the tudh, Iy Al always \ies;

Beth a\uoags tells M duth  and Gemma s the

fndom perSon based only on the itst two

S\'a‘tedmaﬂ S,kfmw ﬁu% A)ossg:i 'Hg(sm% o), whi vc{n
wWork . , we Have notfheatd énou

P s fells the truth (it Zodiol

Io dotemine who al

be All, or Qeth) So Geths
maans she  Camnot o luwda
s tells e bkl Beth s

alway \
andk ~ Gemmo.  always (LA,

statenvont  is alie. This
lell e taahn, so Al

e rondom Pfson
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7. For APPLICANTS IN COMPUTER SCIENCE ONLY.

Suppose we have a collection of tiles, each containing two strings of letters, one above the
other. A match is a list of tiles from the given collection (tiles may be used repeatedly)
such that the string of letters along the top is the same as the string of letters along the
bottom. For example, given the collection

([ Fe] - [54)

4 e 4]

is a match since the string AABAA occurs both on the top and bottom.

the list

Consider the following set of tiles:

o) Lo B el Lol [

(a) What tile must a match begin with?

(b) Write down all the matches which use four tiles (counting any repetitions).

: E . E
(c) Suppose we replace the tile l 5E ] with lﬁl

What is the least number of tiles that can be used in a match?
How many different matches are there using this smallest numbers of tiles?

[Hint: you may find it easiest to construct your matches backwards from right to left.]

X XXXXXXXXXX

seven Xs on top, and the second tile has ten Xs on the bottom.)

Consider a new set of tiles { l KRXXXXX ] , l X

] } (The first tile has

(d) For which numbers n do there exist matches using n tiles? Briefly justify your
answer.
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Fa. [%1%)

v

> [HIEIE]LE
FIEIE)

C. ‘UOUJNLEUS b Ong of One o&
A ) (BT [
Gofticpornlitn X5
For One o

LJWP%J\J"?’M are  AxIxq =8 arengemants
© Q matches with 10 tiles
d. LOL p be tha number o&, xxxxxxy] 1 LA
X

et g, be the number OL x i
XKKKXXKKK\(] l

@ | PRqEe '
For a wmatch the armnaemew‘r must be such thok"

6p rsck\,
"3 @
Sub @ inle @
q/-}SQ,:Y\
n:2‘5 for p to be an ieRf, G must ho
_Zg( even. I}, g is evéen, N i3

o mulkiple o) B,
C. matches with n Hloa exist when n is a multiple o) 5.
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