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1. For ALL APPLICANTS.

For each part of the question on pages 3—7 you will be given four possible answers,
just one of which is correct. Indicate for each part A—J which answer (a), (b),
(c), or (d) you think is correct with a tick (X) in the corresponding column in the
table below. Please show any rough working in the space provided between the
parts.

(a) (b) (c) (d)

A

B

C

D

E

F

G

H

I

J
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A. Let r and s be integers. Then

6r+s × 12r−s

8r × 9r+2s

is an integer if

(a) r + s 6 0,
(b) s 6 0,
(c) r 6 0,
(d) r > s.

B. The greatest value which the function

f (x) =
¡
3 sin2 (10x+ 11)− 7

¢2

takes, as x varies over all real values, equals

(a) − 9, (b) 16, (c) 49, (d) 100.
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C. The number of solutions x to the equation

7 sinx+ 2 cos2 x = 5,

in the range 0 6 x < 2π, is

(a) 1, (b) 2, (c) 3, (d) 4.

D. The point on the circle
(x− 5)2 + (y − 4)2 = 4

which is closest to the circle

(x− 1)2 + (y − 1)2 = 1

is
(a) (3.4, 2.8) , (b) (3, 4) , (c) (5, 2) , (d) (3.8, 2.4) .
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E. If x and n are integers then

(1− x)n (2− x)2n (3− x)3n (4− x)4n (5− x)5n

is

(a) negative when n > 5 and x < 5,
(b) negative when n is odd and x > 5,
(c) negative when n is a multiple of 3 and x > 5,
(d) negative when n is even and x < 5.

F. The equation
8x + 4 = 4x + 2x+2

has

(a) no real solutions;
(b) one real solution;
(c) two real solutions;
(d) three real solutions.
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G. On which of the axes below is a sketch of the graph

y = 2−x sin2
¡
x2
¢
?

(a) (b)

(c) (d)

H. Given a function f (x) , you are told that

Z 1

0

3f (x) dx+
Z 2

1

2f (x) dx = 7,
Z 2

0

f (x) dx+
Z 2

1

f (x) dx = 1.

It follows that
R 2
0
f (x)dx equals

(a) − 1, (b) 0, (c)
1

2
, (d) 2.
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I. Given that a and b are positive and

4 (log10 a)
2 + (log10 b)

2 = 1,

then the greatest possible value of a is

(a)
1

10
, (b) 1, (c)

√
10, (d) 10

√
2.

J. The inequality

(n+ 1) +
¡
n4 + 2

¢
+
¡
n9 + 3

¢
+
¡
n16 + 4

¢
+ · · ·+

¡
n10000 + 100

¢
> k

is true for all n > 1. It follows that

(a) k < 1300,
(b) k2 < 101,
(c) k > 10110000,
(d) k < 5150.
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2. For ALL APPLICANTS.

Let
fn (x) = (2 + (−2)

n)x2 + (n+ 3)x+ n2

where n is a positive integer and x is any real number.

(i) Write down f3 (x) .

Find the maximum value of f3 (x).

For what values of n does fn (x) have a maximum value (as x varies)?

[Note you are not being asked to calculate the value of this maximum.]

(ii) Write down f1 (x).

Calculate f1 (f1 (x)) and f1 (f1 (f1 (x))).

Find an expression, simplified as much as possible, for

f1 (f1 (f1 (· · · f1 (x))))

where f1 is applied k times. [Here k is a positive integer.]

(iii) Write down f2 (x) .

The function
f2 (f2 (f2 (· · · f2 (x)))) ,

where f2 is applied k times, is a polynomial in x. What is the degree of this polynomial?

8

This coincides with
2 ( it fncx) = (2 + C-21^1×2 + Cnt3)x + n2

the quadratic graph
For n:3 : f } (a) = ( 2+1-2131×2 + (3+3)×+1312 having shape n :

= (21--8)×2 + 6×+9 maximum

-•= - 6×2+6×+9

= -6 [ x2 -x - 3-2]
= -6 [1×-1,12-4-12]=-6-11×-1,12 - ¥]
= - 6 (x- E)2 -1¥

So
, f-31×1=-61>c-E)

'
+¥11

The maximum off} Gc) is ¥ which occurs at ✗=L .✗
m genera , gn ,,,, , , a gaga,, , , um,

,nn
maximum when the leading coefficient is negative .

2 + 1-2)
n Lo ⇒ 1-2)

n < - 2. This inequality is only true for odd numbers

greater than I
.

↳ For even

numbers LHS would
be positive which
cannot then be less

than -2 . For n=l we
have equality .
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2 Iii) fnlx) = (2+1-214×2 + Cnt3)x + n2

For h=l : f- , I>c) = (2 + C-2)1)✗ 2 + (11-3)×+12
= 4×+1

So
, f , 1×1=4×+1.11

fi / f. (X)) = 4 f. 1×1+1

= 4 (4×+1)+1

= 16×+4+1

= 16×+5

f , (f , /f. 1×111--4 f. Cf, Gd) +1

= 4 (16×+5)+1 (using f , If, Cx)) from above )

= 64×+20+1

= 64×+21

f." (X) = f. If, If , l - - --f. IN)))
¥es

= 4 f , "-11×1+1

= 4 -[41 f."-21×11+11+1 = 42 f- ,
"-4×7+4+1

Notice
these powers
sum to K= 42 [4 (f , "-31×1) + 1) + 4+1
⇒
= 43 f.

"→Cx) + 42+4+1

i
= 4K

- '

f. (x ) t 41<-2+4
"-3

+ . . .
+ 42+4+1

= 4
"- ' (4×+1)+4

""
t 4

"→
+ . . . + 42 + 4+1

= 4" x + 4k
- l
t 4k

-2
+ 4k -3 + . . .

+ 42 t 4+1

= 4
"
K + ( it 4+42 +

- - -
+ 4k

-1)

geometric series : Sn=a,÷rn)
= "
"
✗ + ( '!I)=4"x+Lk÷ uwsinn.ge

,

sum of finite

A , =/

r=4
n=K ( the number of

terms)

Zliiil
. fnlx) = (2 t C-21^1×2 + Cnt3)x + n2

For n- 2 : fz (X) = ( 2 + C-2)2)x2 + (2+3)×+22

⇒ fz C)c) = 6×2+5×+44 This is a polynomial of degree
2 .

For 1<=2 : fz (-121×1)=616×2
+5×+45+516×2 +5×+41+4

We can see
the degree will be

4 ( which comes from squaring
the x2 term).

So
,
in general , the degree

will double at each iteration,
i. e. fzlfzffzcx)))

will be degree 23=8 .

So in general, fzlfzl.fr/...fzlx)
))) K times will be degree 2

"
.
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3.

ForAPPLICANTS IN

⎧
⎪⎪⎨

⎪⎪⎩

MATHEMATICS
MATHEMATICS & STATISTICS
MATHEMATICS & PHILOSOPHY
MATHEMATICS & COMPUTER SCIENCE

⎫
⎪⎪⎬

⎪⎪⎭
ONLY.

Computer Science applicants should turn to page 14.

Let

I (c) =

Z 1

0

¡
(x− c)2 + c2

¢
dx

where c is a real number.

(i) Sketch y = (x− 1)2 + 1 for the values −1 6 x 6 3 on the axes below and show on
your graph the area represented by the integral I (1) .

(ii) Without explicitly calculating I (c) , explain why I (c) > 0 for any value of c.

(iii) Calculate I (c) .

(iv) What is the minimum value of I (c) (as c varies)?

(v) What is the maximum value of I (sin θ) as θ varies?
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4.

For APPLICANTS IN

⎧
⎨

⎩

MATHEMATICS
MATHEMATICS & STATISTICS
MATHEMATICS & PHILOSOPHY

⎫
⎬

⎭ ONLY.

Mathematics & Computer Science and Computer Science applicants should turn to
page 14.

In the diagram below is sketched the circle with centre (1, 1) and radius 1 and a line
L. The line L is tangential to the circle at Q; further L meets the y-axis at R and the
x-axis at P in such a way that the angle OPQ equals θ where 0 < θ < π/2.

(i) Show that the co-ordinates of Q are

(1 + sin θ, 1 + cos θ) ,

and that the gradient of PQR is − tan θ.

Write down the equation of the line PQR and so find the co-ordinates of P.

(ii) The region bounded by the circle, the x-axis and PQ has area A (θ); the region
bounded by the circle, the y-axis and QR has area B (θ). (See diagram.)

Explain why
A (θ) = B (π/2− θ)

for any θ.

Calculate A (π/4) .

(iii) Show that

A
³π
3

´
=
√
3−

π

3
.

12

https://bit.ly/pmt-cc
https://bit.ly/pmt-cchttps://bit.ly/pmt-edu



https://bit.ly/pmt-cc
https://bit.ly/pmt-cchttps://bit.ly/pmt-edu



https://bit.ly/pmt-cc
https://bit.ly/pmt-cchttps://bit.ly/pmt-edu



5. For ALL APPLICANTS.

Let f (n) be a function defined, for any integer n > 0, as follows:

f (n) =

⎧
⎨

⎩

1 if n = 0,
(f (n/2))2 if n > 0 and n is even,
2f (n− 1) if n > 0 and n is odd.

(i) What is the value of f(5)?

The recursion depth of f (n) is defined to be the number of other integers m such that
the value of f (m) is calculated whilst computing the value of f (n) . For example, the
recursion depth of f (4) is 3, because the values of f (2) , f (1) , and f (0) need to be
calculated on the way to computing the value of f (4).

(ii) What is the recursion depth of f (5)?

Now let g (n) be a function, defined for all integers n > 0, as follows:

g (n) =

⎧
⎨

⎩

0 if n = 0,
1 + g (n/2) if n > 0 and n is even,
1 + g (n− 1) if n > 0 and n is odd.

(iii) What is g (5)?

(iv) What is g
¡
2k
¢
, where k > 0 is an integer? Briefly explain your answer.

(v) What is g
¡
2l + 2k

¢
where l > k > 0 are integers? Briefly explain your answer.

(vi) Explain briefly why the value of g (n) is equal to the recursion depth of f (n).
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6.

ForAPPLICANTS IN
½
COMPUTER SCIENCE
MATHEMATICS & COMPUTER SCIENCE

¾
ONLY.

Three people called Alf, Beth, and Gemma, sit together in the same room.

One of them always tells the truth.
One of them always tells a lie.
The other one tells truth or lies at random.

In each of the following situations, your task is determine how each person acts.

(i) Suppose that Alf says "I always tell lies" and Beth says "Yes, that’s true, Alf always
tells lies".

Who always tells the truth? Who always lies? Briefly explain your answer.

(ii) Suppose instead that Gemma says "Beth always tells the truth" and Beth says
"That’s wrong."

Who always tells the truth? Who always lies? Briefly explain your answer.

(iii) Suppose instead that Alf says "Beth is the one who behaves randomly" and Gemma
says "Alf always lies". Then Beth says "You have heard enough to determine who always
tells the truth".

Who always tells the truth? Who always lies? Briefly explain your answer.
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7. For APPLICANTS IN COMPUTER SCIENCE ONLY.

Suppose we have a collection of tiles, each containing two strings of letters, one above the
other. Amatch is a list of tiles from the given collection (tiles may be used repeatedly)
such that the string of letters along the top is the same as the string of letters along the
bottom. For example, given the collection

½ ∙
AA
A

¸
,

∙
B
ABA

¸
,

∙
CCA
CA

¸¾
,

the list ∙
AA
A

¸ ∙
B
ABA

¸ ∙
AA
A

¸

is a match since the string AABAA occurs both on the top and bottom.

Consider the following set of tiles:
½∙

X
U

¸
,

∙
UU
U

¸
,

∙
Z
X

¸
,

∙
E
ZE

¸
,

∙
Y
U

¸
,

∙
Z
Y

¸¾
.

(a) What tile must a match begin with?

(b) Write down all the matches which use four tiles (counting any repetitions).

(c) Suppose we replace the tile
∙
E
ZE

¸
with

∙
E

ZZZE

¸
.

What is the least number of tiles that can be used in a match?

How many different matches are there using this smallest numbers of tiles?

[Hint: you may find it easiest to construct your matches backwards from right to left.]

Consider a new set of tiles
½ ∙

XXXXXXX
X

¸
,

∙
X

XXXXXXXXXX

¸¾
. (The first tile has

seven Xs on top, and the second tile has ten Xs on the bottom.)

(d) For which numbers n do there exist matches using n tiles? Briefly justify your
answer.
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