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Summary FP3 Option 1: Vectors - Vector Product [T}

References: The vector producta x b E.g. Find the magnitude of ax b when
IC’haptelr; axb= |a||b|sin 01 where 8 is the angle between 1 2
ages 1-
£ aand b and 1 is the unit vector a=|2|,b=|0|,
perpendicular to a and b such axb 1 1
that a,b and A form a axb = a||b|sin 61 = J6+/5 sin 61
right-handed set of vectors. From the scalar product,
b a.b =la|jbjcosd =2+0+1=3
= cosf :—,_io = sind = ,1_%: %
Note thataxa =0 N -
= |axb|=a||b|sin & = /30 ,ﬁ =21
References: Properties E.g. If axb=bxc+#0prove thata+cis
Chapter 1 The vector product is anti-commutative. parallel to b.
Pages 4-7 _
axb=-bxa axb=bxc =axb-bxc =0
(N.B. Commutative means that either order of a binary || —~ axb+ cxb=0
operation gives the same result. So addition is —(@+c)xb=0
commutative, since 3 +2 =2 + 3, but subtraction is i.e.a+ cis parallel to b.
anti-commutative since 3 -2 =—(2 -3).)
E.g. Prove that (a—b) x (a+b)=2axb.
Example 1.4 If a and b are parallel thena x b = 0.
Page 7 If either or both a and b are 0 then a x b = 0. (a-byx(@a+b)=(@-b)yxa+(@-b)yxb
Note that a X b = 0 does not mean that eitheraorbare || gxa_bxa+axb-bxb
0 — they may be parallel. =-bxa+taxb sinceaxa=bxb=0
=axb +axb =2axb
(ma) x (nb) =mn(a x b) x % x
ax(b+cy=axb+axc 1 2
This is the distributive law — the vector product is E.o Caleulate | 2 [x| -1
distributive over addition and subtraction. & 3 A '
1 2 2x4-3x-1 11
Base Vectors x4 3%
The unit vectors parallel to the coordinate axes are i, j || |2 [¥| ~1|=| 3%2-1x4 |=| 2
and K. 3 4 Ix-1-2x2 -5
ixj=k, jxk=i,kxi=j
ixi=jxj=kxk=0 E.g. Find the equation of the plane ABC, where
References: the coordinates of A, B and C are (1,0,1),
Chapter 1 Component Form (2,1,1) and (3, 1, —1) respectively.
Pages 3-4 a, b, a,b, —a,b, 1 2
Example 1.2 Ifa=|a, [,b=|b, |,axb=]| a,b —ab, n= ABxAC where AB=|1|and AC=| 1
Page 6 a, b, ab, —a,b, 0 -2
1 2 -2
Exercise 1A =>n=|1|x| 1 |=]|2
Q. 1(1), 5(1), 8 0 -2 -1
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FP3; Further Applications of Advanced Mathematics
Version B: page 2
Competence statements vl1, v2, v3

So equation of plane is —2x+2y—-z+d =0
and is satisfied by A, giving —2-1+d =0
=>d=3

= -2X+2y-2+3=0

(You can check that B and C also satisfy this
equation.)




Summary FP3 Option 1: \ectors - Planes

W=

References:
Chapter 1
Pages 9-11

Example 1.5
Page 9

Exercise 1B

Q. 1(i), (iii)

Intersection of two planes

The line of intersection of two planes lies in both
planes and is therefore perpendicular to the
perpendicular of both planes

If the normal direction of L, is N, and the normal
direction of L, is N, then the direction of the
intersecting line is N, x N,

It remains to find one point common to both planes,
which can be done by putting, say, z=0 and solving
the equations simultaneously.

If z = 0 nowhere on the planes then the resulting
equations will be inconsistent and so you should try,

say, X =0.

E.g. Find the line of intersection of the planes:
L :3x+y-z2=4
L,:2x-y+32=6

3 2 2
n=|11[.n,=|-1|=n,xn,=|-11
-1 3 -5

Substitute z=0=3x+y=4,2X—-y=6
=>5x=10=>x=2,y=-2
X=2 y+2 z
2 -1 -5

References:
Chapter 1
Page 11

Example 1.6
Page 12

Exercise 1B

Q. 2(i), (iii)

Angle between two planes

The angle between two vectors is found from the
Scalar Product (covered in C4.)

The angle between two planes is the angle
between their normal directions.

If the normal direction of L, is n; and the normal
direction of L, is n, then the angle between the
planes is the angle between these directions which is

givenby n, . n, =|n,||n,|cos®

E.g. Find the angle between the planes defined in the
example above.

L :3x+y-z=4
L,:2x-y+3z2=6
3 2
n=/14{n,={-1{=n.n,=6-1-3=2
-1 3
In,|=v9+1+1=V11, |n,|=V4+1+9 =14
=cosf= 2 ~0.1612 = 80.7°

Jii4

References:
Chapter 1
Page 12

Exercise 1B

Family (or sheaf) of planes

If 71 =0 is the equation of one plane and 7, =0
another such that the line of intersection is | = 0,
Then the equation Az + pm =0 is the general
equation of a family of planes with the common
line I.

This is because any point on the line satisfies

Q.4 =0 and 7, =0 and therefore Az + um =0 for
all values of A and z.
References: Intersection of two lines
Chapter 1 If the lines are |, = 0 and |, = 0 then the line |, =0
Pages 14-16 will be defined by one point, p, and a direction,
N;. Any point on this line is then given by
p + An,. Similarly, any point on |, =0 is given
by g+ un,.
Example 1.8 Equating these two will give three equations in
Page 15 two unknowns.

Exercise 1C

Q. 1(3), (i), 3,6

Find the values of A and u from the first two and
check for consistency in the third. If they are
consistent then the values of 4 and ¢ will give
the point of intersection; if they are not consis-
tent then the lines do not meet.

E.g. Find the equation of the plane that passes
through the point (1, 2, 3) and the line found in the
first example above.

7 3X+y—-2-4=0

7T, 1 2X=y+32-6=0

Any plane through the line of intersection of

these planes is given by Az, + um, =41+6u

= (3A+2p)X+(A—p) y+(-A+3u)2=42+6p

This is satisfied by the point (1, 2, 3)
=3A4+2u+2A-2u-34+%u=421+6u=>-21+3u=0
A solution to this equation is y=2,4=3
=13x+y+3z=24

FP3; Further Applications of Advanced Mathematics
Version B: page 3
Competence statements v4, v5
© MEI

. Xx-1 y+1 z
E.g Youare givenl : —=2—=—
s SV 2 3
| x+4_y-3_z-1 X=2 y-2 7+l
3 a1 o 1 -

Show that I, and |, intersect but I, and I, do not.
Any pointon I, is (1+4,-1+24,31)

Any pointon |, is (—4+34, 3— 1,1+ 1)

These two points are the same if 1+4=—4+3u
and —142A=3—-u
=>A-3u=-S5and2A+pu=4=A=Lu=2

= The X and Y values are the same and substituting
into the zZ coordinates also gives the same value.
So the lines meet at (2,1,3).

Any pointon Iy is (2+3v, 2+v,—1+v)

1

Solving for equal X and y values gives A = % ,v= 3

but the z values are not the same so the lines do not intersect.




Summary FP3 Option 1: Vectors - Distances

W=

References:
Chapter 1
Pages 19-22

Example 1.10
Page 22

Exercise 1D

Q. 13i), 2(ii)

Distance of a point from a line.

If P is a point not on a line | and A is any point on the
line and M is the closest point on the line from P,
then the distance is the length of the line PM.

If the direction of | is defined by the unit vector, d,
then PM = APsinPAM.

Since |a>< b| = |a||b|sin 0, take b = AP and a = d.

Then sin PAM

axKP‘:ﬁHKP

- ‘KP sin PAM= PM

N

So [PM|=|dx AP

E.g. Find the distance of the point (1, 2, 3) from
X=2 y+3 z+1

the line
-1 3
2 | 2
d=| -1 |=d=V14=>d=—=| -1
. s
3 3
-1
Take A (2, -3, —1)and P (1,2,3)= AP=| 5
4
2 (-1 -19
AxAP=—| 1]x| 5 |=—| 11
| T
S|AdxAP|=—A19> +117+9% =

References:
Chapter 1
Page 26-27

Exercise 1D

Q. 3(1), 4(i1)

Distance of a point from a plane.

If M is the foot of the perpendicular from P(xy, yi, ;)
to a plane then the distance of P from the plane is
PM.

The direction of PM is the normal direction of the
plane, n.

Let the equation of the plane be ax + by + cz+d =0
Take any point, R, on the plane. In general this can
be (X2, Y2, Z), but if € is not zero then this can be

(0, 0, =)

Let the angle between PR and PM be 6.

Then the scalar product gives PR .A = |PR|cos 6.

N

and PM = PRcos6 = [PM|= PR A
Xi =X,
RP=|y -y, |, n=|b

Z, -1 c

1 2

= RP.n=a(x,—X,)+b(y, - y,)+c(z, - z,)
= ax, + by, + cz, + d since ax, +by, +cz, +d =0

:I{P'ﬁ:axl+byl+czl+d . p

In
= A
= distance = |PR A

:|axl+by1+czl+d|
| Jai+b2+c? |

Note that:

If two distances are opposite signs then the points are
on opposite sides of the plane.

If the distance is 0 then the point lies on the plane.

E.g. Find the distance of the point (1, 2, 1) from
the plane 2x + 3y —z=4

|ax, +by, +cz,+d|_2x1+3x2-1-4
| Ja+b2+¢? | V22324

Distance =

3

14

E.g. Show that the points (6, 2, 2) and (2, -4, 4)
are equidistant from the plane 2x +3y -z—-2=0

|axl+byl+czl+d|

Distance =
| Jai+b?+c? |
For(6,2,2),d:2X6+3X2_1X2_2: 14
V22432412 Vi
For (2, —4, 4), d :2><2—3><4—1><4—2 _ -14
V22 4341 Jia

So same distance but opposite sides.

FP3; Further Applications of Advanced Mathematics
Version B: page 4

Competence statements v6, v7
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E.g. Find the foot of the perpendicular from the

1 2
point P(3, 5,4) to the liner =| 2 |+ 4| —1|.
3 1
Any point, A, on the line is (1+24,2- 4,3+ 1).
1+24-3 24-2
PA =| 2-4-5 |=|-A-3|.
3+1-4 A-1
This direction is perpendicular to the line.
24-2)(2
=|-1-3]|-1]|=0
A-1 1

:>4/‘t—4+/1+3+/1—1=0:/1=%

=Ais 12,12,3l
333




Summary FP3 Option 1: Vectors - Scalar Triple Product {13}

1 3 1
E.g Giventhat a=| 2 |, b=|-1|, c=[ 1|,
-1 2 2
finda.bxc.
1 3 1
-1 1 1 2 2 -
a.bxc=|2 -1 1|=1 +3 +1
| 2 2 2 12 - -1 2

=1x(—4)+3(=5)+1(3)=—16

Show that the points A(1, 1, 1), B(2, 4, 7),
C(-1, 3, 1) and D(3, 1, 4) are coplanar.

1 -2 2
AB=|3[,AC=| 2 |,AD=|0
6 0 3
-12
ABxAC=|-12
8
2 -12
AD.ABxAC=[0|.|-12|=-244+0+24=0
3 8

References: The Scalar Triple Product
Chapter 1 Given thatb xc = |b||c|sin On where A is the unit
Pages 31-36 vector perpendicular to both b and c,
and a.n = [a||fi|cos ¢ with |i|=1
a.bxc=(a.n)b|[c|sin® =|a||b||c|sin & cos
=(a.f)bxc|
The Scalar Triple Product in component form.
al bl Cl
Ifa=|a, |, b=|b, |, c=|c, |,
a’3 b3 C3
b,c, —Db,c, a (b b,c
bxc=| b, —-bc, |,=a.bxc=|a, |.| bc,—bc,
b,c, —b,c, a, ) {bc,—byc
=a, (b,c, —hc,)+a, (b —bc,)+a,(bc,—byc)
al bl Cl
Exerglse IE —la, b, c,
Q. 1(1), 2(1)
a3 b3 C3
Volume of the parallelepiped OAEBCGFD
where the three sets of parallel sides are given by
OA=a,0B=b,0C=c
is given by G F
V = |a.(bxc)| N E
Example 1.12 D
Page 33 C >
0 b B
If the volume is 0 then the four points lie on the same
plane.
Volume of the tetrahedron OABC
where the three sides are given by
OA=a,0B=b,0C=c
is given by V = %|a.(b X C)|
References: Distance between two skew lines
Chapter 1 If l; is defined by a point a and direction n; and |, by a
Pages 24-25 point b and direction n, then the shortest distance is
given by
d - (a=b).(n, x n2)|
Exercise 1F |n L xn, | |
Q.2,3
If the shortest distance is 0 then the lines intersect.
FP3; Further Applications of Advanced Mathematics
Version B: page 5
Competence statements v8, v9, v10, vl1, v12
© MEI

E.g. You are given the equations of two lines:
x=1 y-2 z-1
31 2
| X=3_y-1_z-k
2 -l 1
(i) Find the distance between the lines
when k =9.

(ii) Find the value of k if the two lines intersect.

1 3 -2
a=|2|,b=|1|=a-b=| 1
1 k 1-k
3 2 3
n,=|1|,n,=|-1|=n,xn,=| 11,
2 1 =5
In,xn,|=v0+1+25 =435
-2 3
(a=b).(n,xn,)=| 1 |x| 1 [=5k-10
1-k =5
:>d:5k;10
35

(i) When k =9,d =+/35
(ii) Whend = 0,5k —10=0=k =2




Summary FP3 Option 2: Multivariable Calculus - 1

W=

E.g. Determine the section z = 3 of the above
function.

z = 3 gives
X +2y=3
In the plane this
is a parabola
_3-%°

2

y

N

E.g. Find a and a whenz =x*+3x-y
x oy

g:2x+3, g:—1
ox o

References: A function of three variables
Chapter 2 Just as the function y = f(x) represents a curve in
Pages 43-50 two dimensions, the function z = f(x, y) represents
a surface.
Example 2.1 . .
PagF()a 45 If the x- and y-axes are horizontal and the z-axis is
vertical then for any coordinate pair (x, y) a value
- of z can be found.
Exercise 2A
Q.2,7 Al the points where z is equal is known as a
contour.
Example 2.2 . . .
Page 49 A vertical plane cuts the surface in what is called a
section.
Exercise 2B
Q.2,3
References: Partial differentiation
Chapter 2 This is the process of differentiating the function
Pages 52-53 z = f(x, y) with respect to x keeping y constant and
differentiating z = f(x, y) with respect to y, keeping
Example 2.4 X constant.
Page 53
Exercise 2C
Q. 1(i), (iii), 5
References: Differentiability- The Tangent Plane
Chapter 2 At a point on a continuous surface the plane which
Pages 55-59 touches the surface at a point is said to be the
tangent plane at that point.
It contains the tangent of the section of the surface
Example 25 | harallel to the x-axis at that point and also the tan-
Page 58 gent of the section of the surface parallel to the y-
axis at that point.
— . . oz oz
The directions of these lines are given by = and —.
oz . N
rvi ¢ means that from the point, the change iny is
zero (because we keep it constant!)
and for a change of 1 in x there is a change of ¢ in z.
Alternative notation
If z = f(x, y) then differentiating with respect
. 0z
to xgives —.
OX
Exercise 2D : . of
i This can also be written — or f_(x,y).
Q. 1), (i) ox O f (0 Y)

FP3; Further Appl
Version B: page 6
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ications of Advanced Mathematics

Competence statements c1, c2, ¢3, c7

E.g. Find the equation of the tangent plane to the
surface z = x*+2xy + 4x at the point (1, 2, 9).

1
2—2:2x+2y+4=10 giving the direction | 0
X
10
0
0z L L
— = 2x =2 giving the direction| 1
oy
2
1 0 -10
=n=|0|x|1]|=| -2
10 2 1

So the plane can be written 10x+2y—-z=d

and the equation is satisfied by the point (1, 2, 9)
=d=10+4-9=5

=10x+2y—-z=5




Summary FP3 Option 2: Multivariable Calculus - 2

W=

References: Directional derivatives E.g. Find grad f when f = 2x + xy?.
Pghgspgelr 23 In any 3-D representation, the horizontal Find the gradient on this surface at (1, 1, 3) in the
E direction of a line may be denoted by the unit . (o6
cosa direction U = o8/
vector ( :[ . j where the line makes an '
SIno of , Of
. . —=2+Yy°, —=2Xy
angle of « with the x-axis. OX oy
0z 2 3
x o o gra\df:[2er J.AtA, gradf:( j
Then G =(egrad f =—cosa +—sina is 2xy 2
z ox % 06) (3
Exercise 2E oy Gradient=| || = |=1.8+1.6=34
Q.1,3 L. L 08)\2
' the directional derivative.
References: Stationary points E.g. Investigate the stationary points on the curve
Chapter 2 A stationary point on a surface is defined as a 7=x2 - 8xy + 2y + 14x.
Pages 64-66 point where the tangent plane is parallel to the x-y 2 )
plane. This is a point which is a local maximum or || Z=X"—8Xxy +2y" +14x
minimum of z. oz oz
o2 oz = —=2Xx-8y+14, —=-8x+4y
ExF?mpIZSZJ This occurs when Fiirvi 0 OX oy
X
age y 2x— 8y=-14
- The nature of a stationary point may be _ _
Exercise 2F determined by considering sections or the value of Bx+4y=0
Q.23 z for small changes in x and y. =>x=ly=2z2=7
References: Small changes
Chapter 3 of of
Pages 69-72 Forz=1(x,y), 6z~ —0x+—3y
oX oy
Example 2.9 Thi_s :‘)(I)rmula is applicable for any number of
Page 71 variables.
For z =f(x, y,w), oz 81E§x+af§y+af§W E.g.inth le ab the stati inti
=1XY,W), oZ~— - - .g. in the example above, the stationary point is
Exercise 2G OX oy ow (192 7 P yP
Q.3,4 T
The approximation can be used to estimate the 7 =x*-8xy+2y’ +14x
effects of errors in a calculation. Wheny =2,2 = x? — 2x+8
References: 5
Chapter 3 The Directional Derivative :>_Z=2x_2=0 atx=1
Pages 74-76 If w =g(x, y, z) then the directional derivative is OX
ow Also, when x=1,z=2y* -8y +15
Example 2.11 - oz
Page 75 gx 35:4)/—8:081)/:2
G.grad g, where grad g = a—w o o
Exercise 2H y At this point —f >0 and —f >0
Q.15 ow ox o
oz i.e. the stationary value is a minimum.
References: Th £ -k
Chapter 3 e surface g(x,y_,z) =k
P 27.79 For the point A with position vector a on the
ages /1~ surface g(x,y,z) = k , the tangent plane is
(r—a).grad g = 0, where grad g is evaluated at
Example %12 point A. FP3; Further Applications of
Page 7 o Advanced Mathematics
The normal line is r =a + Agrad g. Version B: page 7
Exercise 2l Competence statements c4, c5, 6, c8
QL4 © MEI




Summary FP3 Option 3: Differentiable Geometry - 1 m

E.g. Find the circumference of a circle.

1. Cartesian coordinates:

X’ +y’=a :>2x+2ydy 0= dy —5.
dx dx y

Length of positive quadrant (x=0to x=a)
T2 e o
= ( dx = i 2’ d

[ e R

. X
Letx = asme::—gz acosd, a’—x*=a’cos’ @

When x=0,0=0; Whenx:a,H:%

7
=s=a J dH:a—”
2

6=0
. ar
So for whole circle, ¢c = 4><7 =2ar

2. Parametric coordinates:
Xx=acosé, y=asind

2 2
%:—asina, dy =acosdy, E= (%) + dy
dé déo déo déo déo

:S—;zx/azsin20+azc0529:a

:s:[ae]z”:Zaﬂ
3. Polar coordinates
0=2rx
r=a:>£: r +(dr —a=>S= I adg
do do
:[ae]z”:Zaz

References: Envelopes
Chapter 3 The family of lines obeying a rule is the set of
Pages 85-91 equations f(x,y,p) = 0.
The equation of the envelope is given by the
Example 3.3 | two equations
Page 89
J fx,y, ) =0, f@yp)o
Exercise 3A If p can be ellmlnated then the Cartesian equa-
Q123 tion results. Alternatively rearrange to give
parametric equations x = g(p), y = h(p).
References: Arc length
Chapter 3 Cartesian coordinates: y = f(x)
Page 93-97 L >
ds _ 1+(dyj =S= j 1+(d—yj dx
dx dx a dx
Example 3.4 | poar coordinates: r = f(0)
Page 96
6=b
E: r +(er =s= I r’ (drj do
déo déo fa dée
Parametric coordinates: x = f(8), y = f(9)
2 2
Exercise 3B gs _ \/(d_xj + (d_yj
Q. 1, 2’ 6 de de de
0=b 2
=TI (2 oo
oia deo déo
References: Volume of solid of revolution
Chapter 3 The volume of the solid swept out when the
Page 99 curve y = f(x) is rotated through 2z about
x=b
the x-axis is given by V = _[ ry*dx
The volume of the solid swept out when the
curve x = f(y) is rotated through 2 about
y-
the y-axis is given by V = I X2y
y=a
References: Surface area of solid of revolution
Chapter 3 The surface area of the solid swept out when

Pages 100-102

Example 3.6
Page 101

Exercise 3C

Q.1(i), 5

the curve y =f(x) is rotated through 2 about

x=b
the x-axis is given by S = j 2y ds.

In cartesian coordinates this becomes

x=b
S= J'Z;ryﬁdx

The surface area of the solid swept out when
the curve x =f(y) is rotated through 2 about

the y-axis is given by S = I 27X ds.

y=a
In caresian coordinates this becomes
y=b
ds
S= I 27zx—dy

y=a

E.g. To find the surface area of a sphere.
Rotate a circle through 360° about the x-axis.
x? +y? =a” between x=—a andx=a

=S= jZﬁyj—dx where :—_ 1+(gyj
\} X

x> +y?=a’ :>2x+2y—:0:>d—y=—5
dx dx y
2 2 2 2 2
:>1+(d_yj :l+(1j = X +2y :a—z
dx y y y

:%:%:s :Lz”y%dXZJZ”adXZZ”a[X]ia

=S =4ra’

FP3; Further Applications of Advanced
Mathematics

Version B: page 8

Competence statements g1, g2, g3

© MEI




Summary FP3 Option 3: Differentiable Geometry - 2 m

References:
Chapter 3
Pages 105-108

Intrinsic Equations

An alternative way to describe a curve is in
terms of the arc length, s, with the angle ,
which its tangent makes with a fixed direction.
We determine the equation uniquely we also

E.g. The curve with intrinsic equation s = 4a(l—cosy)
has a stationary point at the origin.
Find the paramtric equations for the curve.

—chosw,d—yzsiny/. From the curve £:4asiny/
ds ds dy

ax :d_x E—COSy/x4aSIm// 2asin 2y

dy ds dy

= x=k-acos2y; x=0when y =0=k=a
= x=a(l-cos2y)

dy dy ds
dl// ds dy/
= y=k+2ay —-asin2y;y=0when y =0=k=0
= y=a(2y —sin2y)

Writing 2y = @ gives parametric equations
x=a(l-cosd), y=a(@-sind)

=siny x4asiny = 2a(l-cos2y)

E)éamplleo’oé.Q need the point of the curve where s = 0, the
age direction where y =0 and also a sense of
direction. (y is usually measured in radians
anticlockwise.)
Exercilse33D tany = dy dx_ cos dy _ sin
Q-1 VZux ds Vo ds v
References: Curvature
Chapter 3 The curvature of a curve at a point P is the rate
Page 109-112 || of change of y with s at P.
_dy
d
Example 3.11 ;
Page 111 If xis positive , then y increases with s and
the curve curves to the left.
For a curve given in intrinsic form the formula
above can be used.
If the equation is given in Cartesian
coordinates, y = f(x) then
d?y
2
K= dx 7
Exercise 3E 1 dy ) )2
Q.16 lax
References: Centre of curvature
Chapter 3 The circle of curvature of a curve at a point P
Page 115-117 || is the circle with centre on the normal at P.
The radius is p = 1 = dd_s
k dy
Example 3.12
Pag% 116 We define unit vectors in the direction of tt1e
positive tangent and positive normal to be t
and i where t :(C?Swjand fi = (_S”W/]
siny cosy
- Then, if the vector for P is r and the vector
Exercise 3F for the centre, C, is c then ¢ = r +pi
Q.1,2
References: The Evolute of a Curve
Chapter 3 As the point P moves along a curve , the

Page 118-119

Example 3.13
Page 118

Exercise 3G
Q.1,4

centre of curvature, C, also moves. The locus
of C is called the evolute of the curve.

As shown, the centre of curvature can be
found for a specific point. If, instead, the
parametric point is used then the form of ¢
will be in parametric form, which will be the
equation of the evolute.

dc _ dp A

ds ds '

An alternative form is —

E.g. For the point P (a,%a) on the curve 4a’y = x> (where

a is a positive constant), find
(i) the radius of curvature,
(ii) the coordinates of the centre of curvature.

dy 3x* 3 d’% 6x 3
i Atp, X=X 2 2V _OF_ S
® dx 4a® 4 dx* 4a’ 2a
% 2\ %
o) )
Ty T3
dx? 2a

5 3
(Zj _125 2a_125a
3 64 3 9

2a
_3 R _3
(ii) Normal vector is =fA= 1
4 5\ 4
a
-3
= Centre of curvature is | 1 +@ 1
—a 96 5| 4
4
T
e, 9% | whichis [ 12 312
1100 3224
4 96

FP3; Further Applications of Advanced
Mathematics

Version B: page 9

Competence statements g4, g5, g6, g7, g8
© MEI
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References:
Chapter 4
Pages 130-132

Sets and operations

A set is a collection of items having a common
property.

A binary operation is an operation combining two
items of a set to form a third item.

The result of a binary operation is often referred to as
the product (though most people restrict this word to
the result of the binary operation “multiply”.)

The operation is closed with respect to a set if, for all
elements X, y of the set, the product x*y lies in the set.
The operation is commutative if, for all X, y € S, x*y
=y*X.

The operation is associative if, for all X,y,z€ S
X¥(y*2) = (X*y)*2

An identity element, e € S, is an element such that
e*x=x*e=xforallxeS.

The inverse X!, of an element X is an element such
thatx * x'=x"'*x=e¢

References:
Chapter 4
Page 132

Exercise 4A

Modular arithmetic

Within the set of integers, two numbers are said to be
congruent modulo m if the difference between them
is a multiple of m.

E.g. 37 =1(mod 3) because 37 - 1 =3 x 12.

In modulo 3 arithmetic all integers can be reduced to

E.g. The binary operation “add” is closed with
respect to the set of positive numbers because
the addition of any two positive numbers is
positive. The binary operation “subtract” how-
ever is not closed. For example 4 — 5 is not a
positive number.

E.g. The binary operation “add” is commutative
because the addition of any two positive num-
bers is same whichever way round you combine
the numbers. L.e. 4 + 5 =35 + 4. The binary
operation “subtract” however is not
commutative. For example 4 —5# 5 — 4.

E.g. The binary operation “add” is associative:
Eg6+(5+4)= 6+9=15

and (6+5)+4=11+4=15

The binary operation “subtract” however is not
associative:

Eg6-(5-49)=6-1=5

and (6-5)-4=1-4=-3

Q.23 the numbers 0, 1 or 2.
References: Groups ] ) )
Chapter 4 A Group (S,*) is a non-empty set S with a binary

Page 135-143

Exercise 4B

Q.1,2

Example 4.2
Page 140

operation * such that
* isclosedinS-i.e. forallx,yeS, x*yeS
* is associative in Si.e. forall x,y,z €S,

X*(y*z) = (X*y)*z
There is an identity element, e € S such that
e*x=x*e=xforallxeS$S
For every element of the set, X, there exists an
inverse element X' € S such that x * x '=x"'*x =¢
An element that is its own inverse is said to be
self-inverse.

If, in addition, the operation is commutative, then the
group is said to be Abelian.

The table showing the combination of elements is
called the Cayley Table. In each row and column each
element will occur once and once only.

E.g. Consider the set G and the binary operation
of multiplication modulo 20, where

G ={1,3,7,9,11, 13,17, 19}

Show that G is a group under this operation.

The combination table is

1 3 7 9 11 13 17 19
1 1 3 7 9 11 13 17 19
3 3 9 1 7 13 19 11 17
7 7 1 9 3 17 11 19 13

9 9 7 3 1 19 17 13 11

1 11 13 17 19 1 3 7 9

13 13 19 11 17 3 9 1 7

17 17 11 19 13 7 1 9 3

9 19 17 13 11 9 7 3 1

(1) The set is closed under the operation

(i1) Multiplication is associative

(iii) The identity element is 1

(iv) There is an inverse for each element (i.e. 1
appears in each row and each column).

The order of a Group
The order of a finite group is the number of elements
in the group.

The order of an element, X, is the smallest positive
integer n such that X" = e.

Exercise 4C
Q.1,2,3

Properties of a Group
The identity element is unique.

Each element has an unique inverse.

If x*y =x*z then y =z (known as the cancellation law)
The equation ax = b has the unique solution x =a'b.

E.g. State the order of G and find the order of
each element.

The order of the group is the number of
elements i.e. 8.

The order of each element, X, is the smallest
integer, n, such that X" = 1

For 1 the order is 1.

For 9, 11, 19, the order is 2 (These are the
elements where 1 is in the leading diagonal)
For 3,7, 13, 17, the order is 4.
(i.e.3x3=9,9x3=7,7x3=1)
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References:
Chapter 4
Page 146-149

Isomorphism

Consider two groups with the same order.

If the mapping of the elements of one group to the
other preserves the structure then the two groups
are said to be isomorphic.

Exercise 4D
Q. 1,8
References: Subgroups
Chapter 4 A subgroup of a group (S, *) is a non-empty

Pages 151-153

Example 4.4
Page 151

Exercise 4E

subset of S which forms a group under the
operation *.

Every group has a trivial sub-group {e}. As with
factors of a number, you may also consider the set
as a subgroup of itself.

A proper subgroup is a subgroup that is not one
of the above.

Q. 1,6
References: Lagrange’s Theorem
Chapter 4 The order of any sub-group is a factor of the order

Pages 154-156

Exercise 4F

of the group.

For instance, a group of order 4 can have
subgroups only of order 1, 2 or 4, but not 3.

Q.3,4
References: Cyclic groups
Chapter 4 If a member of a group is X then x°, X’, etc are also

Pages 159-160

Example 4.5
Page 160

Exercise 4G

Q.2,5

members of the group.

E.g. List all the sub-groups of G in example on
previous page.

The identity element {1} always forms a sub-group
or order 1.

Other proper subgroups are found by scrutinising
the combination table.

Any element with order 2 will, with e form a proper
subgroup of order 2 if € is in the leading diagonal
position for the element.

So {1,9}, {1,11} {1,19}are proper subgroups of
order 2.

By Lagrange’s Theorem there cannot be any
subgroups of order 3.

Scrutiny of the combination table will reveal that the
“top left” block of 4 elements contains only those 4
elements.

Therefore {1,3,7,9}is proper subgroups of order 4.
There are two others:

{1,9,13,17}, {1,9, 11, 19}

Note the combination table for these subgroups
which are an extraction of the combination table of
G.

1 9 13 17 1 9 11 19
1 1 9 13 17 1 1 9 11 19
9 9 1 17 13 9 9 1 19 11
13 13 17 9 1 1 11 19 1 9
17 17 13 1 9 19 19 11 9 1

The set G itself is a subgroup of itself, of order 8.

There must be a smallest number, m, such that
x"=e,

m must be less than or equal to n, the order of the
group.

If m = n, then each member of the group is a
power of X. X is said to generate the group and the
group is said to be cyclic.

The group {e, a, a>, a’} witha' =e is cyclic.
Groups with order a prime number must be cyclic.

This is because the order of each element is a
factor of p, the order of the group (Lagrange’s

E.g. List the subgroups of G that are isomorphic to
one another.

Subgroups of order 2 will always be isomorphic to
one another.
Le. {1,9}, {1, 11} and {1, 19}

Likewise, subgroups of order 4 will be isomorphic to
each other providing the identity element is in the
same place within their tables.

This is so for {1,3,7,9} and {1, 9, 13, 17}.

[ The subgroup {1, 9, 11, 19} has the identity
element in every place of the leading diagonal.]

Theorem). Since e is the only element with order
1, all others much have order p and so must
generate the group.

FP3; Further Applications of Advanced
Mathematics
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E.g. Prove that G is not cyclic.

For all elements in G, there is a least value of n for
which X" = 1. We have seen above that the values of
n for the elements are 1, 2 and 4.

In order for G to be cyclic there must be at least one
element, X, for which x® = 1 with 8 the smallest such
value.
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References:
Chapter 5
Pages 171-175

Exercise 5A

Terminology

A sequence of events where the probability of an
outcome at one stage depends only on the outcome at
the previous stage is known as a Markov Chain.
The conditional probabilities of passing from one
stage to the next are called transition probabilities.
They are most usefully arranged in a square transi-
tion matrix, P. Each column of P is a probability
vector. It follows that the sum of elements of each
column is 1.

If the column vector p represents the probabilities at
one stage and P is the transition matrix then Pp
represents the probabilities at the next stage.

E.g. if there are, at any stage, two outcomes then P is

0.5 08 ,
EgP= find P2,
0.5 02

p2 0.5 08) (05 0.8) (025+04 04+0.16
= X =
05 02) 105 02) (025+0.1 04+0.04

(065 056
1035 044

Q. 1(1), 5 a2 x 2 matrix.
If the two outcomes are A and B, then P is given by
o_ P(AlA) P(A|B)
P(B|A) P(B|B)
References: 3x3 Transition Matrices
Chapter 5 If at any stage there are three states, then the transi-

Pages 177-179

Example 5.1
Page 177

Exercise 5B

tion matrix P will be a 3x3 matrix. There will be 9
transition probabilities.

The calculation of the product of these matrices (and
those which are larger!) can be tedious so it is impor-
tant that you are able to use your calculator effec-
tively.

Usually (but not always) the transition matrix from
stage 1 to stage 2 is the same as that from stage 2 to
stage 3.

The transition matrix from stage 1 to stage 3 is
therefore P?. You may therefore be required to calcu-

A weather forecaster classifies the weather as dry
or wet.

If it is wet on one day then the probability that it
is wet the next day is 0.7. If it is dry one day then
the probability that it is dry the next is 0.8.

(1) Form the transition matrix.

(i) If it is dry one Monday what is the probabil-
ity that it will be wet on Wednesday?

@) wet dry
p= wet (0.7 O.2j
dry | 0.3 0.8
(i1) The state for Monday is M = Gj

The state for Tuesday is T=PM
The state for Wednesday is W= PT =P*M

we(os oales esltosk o2l
gt

Q. 1(1), 3 late P for any integer value, n so the probability that it will be wet on Wednesday
is 0.3.
References: Equilibrium probabilities E.g. Find the Equilibrium probabilities for the
Chapter 5 If, for some given starting state, successive states matrix above.

Pages 182-187

Exercise 5C
Q.2,6

converge to fixed probabilities then those values are
called equilibrium probabilities.

This means that at a limiting stage which gives a
probability vector p then Pp = p.

This may occur in two situations:

(i) Whatever the initial column probability this stage
is eventually reached.

(i1) If the initial column probability is the equilibrium
probabilities then this state will be constant at all
stages. This column probability vector can be found
as follows

a b p, .
IfP= andp = then Pp =p gives
c d p

2
ap, + bpz =p
cp, + dpz =p,
These can be solved simulataneously to find p,and p,.

0.7 0.2)\(x X
Solve =

o5 o))
0.7x+02y=x=0.2y=0.3x=> y:%x

Alsox+y:1:>x+§x:1:x:2:> y:2
2 5 5
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References:
Chapter 5
Pages 190-192

Example 5.2
Page 192

Exercise 5D

Q. 1(i),(iii), 3

Run lengths in Markov Chains

The run length is the number of “no change”
transitions. This is one less than the number of times
the state is repeated.

So for any state A, if p is the probability that the
system remains in that state at the next stage. Hence
the probability that it changes from state A to state A’
is1—p.

Let X represent the number of further consecutive
stages in which the state of the system is A, given
that it is initially in state A then

PX=r)=p"x(1-p) forr=0,1,2,3,4,......

The expected run length is given by
EXX) =er><P(X =r)] =p(1-p)+2p’(1-p)+3p’(-p)+...

=p(—p)(1+2p+3p*+.)

1 p
=p(l-p)x =
M=

E.g. Expected run length of wet days for
example on previous page.

Length:L: 0.7 :2l

I-p

References:
Chapter 5
Pages 196-203

Example 5.3
Page 198

Example 5.4
Page 199

Exercise SE

Q.1,3

Classifying Markov Chains

Regular chains

A transition matrix is regular if some power of the
matrix has only positive entries. A Markov Chain is
regular if its transition matrix is regular.

In a regular Markov chain it is possible to pass from
any state to any other state and there is a unique lim-
iting probability vector.

Random Walks
This is an expression that describes a process of
moving between ordered states.

Periodic chains

A periodic Markov chain is one where successive
powers of P form a pattern where there is a value of k
such that P* =P,

The period of the Markov chain is k — 1 where K is
the smallest value for which this is true.

Reflecting barriers

A Markov chain has a reflecting barrier if following
one particular state, the next state is inevitable. In the
corresponding column of the transition matrix there
is 0 in each position including position (i,i) except 1
which has the entry 1.

Absorbing states

A Markov chain has an absorbing state if the system
is unable to leave that state once it has reached it. In
the corresponding column of the transition matrix
there is an entry of 1 in position (i,i) and 0 else-
where.

E.g. The following matrix represents the transition
matrix for the purchase by customers of three brands

of a commodity, A, B and C.

A B C
Ars 11
43 3
Bl1 1 1
8 2 6
clt 11
8 6 2

(i.e. If a cutomer buys brand A then the chance of
him buying it again is %; otherwise there is an equal

chance of buying B or C.)
(i) Find the equilibrium probabilities.
(i.e. the long-run proportion of purchases.)
(ii) A customer buys brand A.Find the expected
number of consecutive further occasions on which

this customer purchased brand A.

. 3 1 1
HNPX=X==-X+-y+—2=X
@ 4 3y 3

lx+ly+lz—y
8 2 6

:x:g(yﬂ) withx+y+z=1

DX*i y*Z*i
7’ 14

(ii) Expected run of purchaes of A = P where

p is the probability that A is purchased again after A

3
-4 _3

3
4

© MEI
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E.g. The following matrix has an absorbing state.

A B C
1 05 038
P={0 03 0.1
0 02 0.1

If the start is at A then it will remain there.
On further steps, B will transfer to A with
probability 0.5, B with probability 0.3 and C
with probability 0.2.

These probabilities will reduce to 0, so A is

an absorbing state.
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