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Chapter 1: Complex Numbers

1.1 Introduction

1.2 The general complex number

1.3 The modulus and argument of a complex number
1.4 The polar form of a complex number

1.5 Addition, subtraction and multiplication of complex numbers of the form x +1y

1.6 The conjugate of a complex number and the division of complex numbers of the
formx+1y

1.7  Products and quotients of complex numbers in their polar form

1.8 Equating real and imaginary parts

1.9  Further consideration of |z2 - Z1| and arg(z, —z,)

1.10 Loci on Argand diagrams

This chapter introduces the idea of a complex number. When you have completed it, you
will:

e know what is meant by a complex number;

e know what is meant by the modulus and argument of a complex number;

e know how to add, subtract, multiply and divide complex numbers;

e know how to solve equations using real and imaginary parts;

e understand what an Argand diagram is;

e know how to sketch loci on Argand diagrams.
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1.1 Introduction

You will have discovered by now that some problems cannot be solved in terms of real
numbers. For example, if you use a calculator to evaluate J-64 you get an error message.
This is because squaring every real number gives a positive value; both (+8)* and (—8)° are
equal to 64.

As -1 cannot be evaluated, a symbol is used to denote it — the symbol used is i.

It follows that

V=64 = J64x—1 = /64 x+/-1 =8i.

1.2 The general complex number

The most general number that can be written down has the form x + iy, where x and y are real
numbers. The term x+1iy is a complex number with x being the real part and y the

imaginary part. So, both 2+3i and —1—4i are complex numbers. The set of real numbers,
R (with which you are familiar), is really a subset of the set of complex numbers, C. This is
because real numbers are actually numbers of the form x + 0.
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1.3  The modulus and argument of a complex number

Just as real numbers can be represented by points on a number line, complex numbers can be
represented by points in a plane. The point P(x, y) in the plane of coordinates with axes Ox
and Oy represents the complex number x +1y and the number is uniquely represented by that

point. The diagram of points in Cartesian coordinates representing complex numbers is called
an Argand diagram.

y

P(x,y)

If the complex number x +1y is denoted by z, and hence z = x +1y, Z| (‘mod zed’) is defined

as the distance from the origin O to the point P representing z. Thus |z| =OP=r.

The modulus of a complex number z

is given by |z|=/x* + )

The argument of z, arg z, is defined as the angle between the line OP and the positive x-axis —
usually in the range (n, —).

The argument of a complex number z is given

by argz =6, where tand :%

You must be careful when x or y, or both, are negative.
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Example 1.3.1

Find the modulus and argument of the complex number —1+ J3i.

The point P representing this number, z, is
shown on the diagram.

2| = (—1)2+(\/§)2 =2 and tanﬁzﬁ 3.

el

P(—l,\/g)

-1~ i _(9\
Therefore, argz = 2? 1 0 N
Note that when tané = —\/3_, 6 could equal _,_2?71 or —%. However, the sketch clearly shows

that @ lies in the second quadrant. This is why you need to be careful when evaluating the
argument of a complex number.

Exercise 1A

1. Find the modulus and argument of each of the following complex numbers:
(@) 1—-i, ()3, () -4, (d)-3-i.

Give your answers for arg z in radians to two decimal places.

2. Find the modulus and argument of each of the following complex numbers:
(a) -3+i, (b) 3+4i, (c) -1-7i.

Give your answers for arg z in radians to two decimal places.
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1.4 The polar form of a complex number

In the diagram alongside, x =rcosé and
y=rsiné. Px, y)

If P is the point representing the complex r
number z =x+1y, it follows that z may be

written in the form » cos@ +irsind. This is f

called the polar, or modulus—argument, 0
form of a complex number.

A complex number may be written in the form
z=r(cosf+isinf), where |z| =r and argz=46

For brevity, r(cos@+isin#) can be written as (r, ).

Exercise 1B

1. Write the complex numbers given in Exercise 1A in polar coordinate form.

2. Find, in the form x +1iy, the complex numbers given in polar coordinate form by:

(a) z:2(cos%+isin%), (b) 4(cos—2?”+i sin 2% .
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1.5 Addition, subtraction and multiplication of complex numbers of the
formx + iy

Complex numbers can be subjected to arithmetic operations. Consider the example below.

Example 1.5.1

Given that z, =3+4i and z, =1-2i,find (a) z, +z,, (b) z, —z, and (¢) z,z,.
zl+zz=(3+4i)+(l—2i) z, -z, = (3+4i)—(1-2i)

=4+2i. =2+61.
2,2, = 3+ 4i)(1-2i)
— 3+ 4i—6i—8i> In general, if z =aq, +1b, and z, =a, +1b,,

z,+z,=(a,+a,)+i(b, +b,)
—z,=(a,—a,) +i(b - b,)
z,z, = a,a, —bb, +1(a,b, +ab,)

=3-2i+8 (since i’ =-1)
=11-2i. 4

Exercise 1C

1. Find z,+z, and z,z, when:
(@) z,=1+21 and z, =2-1,

(b) z,=—2+6i and z, =1+2i.
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1.6  The conjugate of a complex humber and the division of complex
numbers of the form x + iy

The conjugate of a complex number z = x+iy (usually denoted by z* or Z) is the complex
number z* = x —iy. Thus, the conjugate of —3+2i is —3—2i, and that of 2—1i is 2+i. On an

Argand diagram, the point representing the complex number z* is the reflection of the point
representing z in the x-axis.

The most important property of z* is that the product zz* is real since
zz" = (x+iy)(x —iy)
=x’ +ixy—ixy—i2y2

=x"+y.

* 2
zzZz = |Z|

Division of two complex numbers demands a little more care than their addition or
multiplication — and usually requires the use of the complex conjugate.

Example 1.6.1

Simplify 21, where z, =3+4i and z, =1-2i.
2

3440 (3+4i)(1+2i)
1-2i  (1-2i)(1+2i)

multiply the numerator and denominator of j—‘ by z,, ie. (1+2i)
2

_ 3+4i+6i+8i°
C1-2i+2i-4i?
_ =5+10i
5 so that the product of the denominator becomes a real number
=-1+2i
Exercise 1D

1. For the sets of complex numbers z, and z,, find j—‘ where
2

(a) zy=4+21 and z, =2-1,
(b) z,=-2+6i and z, =1+2i.

10



MFP2 Textbook— A-level Further Mathematics — 6360

1.7  Products and quotients of complex numbers in their polar form

If two complex numbers are given in polar form they can be multiplied and divided without
having to rewrite them in the form x+1iy.

Example 1.7.1

Find z,z, if z :2(cos%+isin%) and z, :3(cos%—isin%).

Solution

7z, =2 cos%+isinﬂ)x3(cosl—isin£)

3 6 6

=6[cosZcosZ +isinEcosZE—isinZcosE—i’sinLsin L
3 6 3 6 6 3 3 6

= T eosTrsinZsinE+ilsinZcosE—cosEsinE
=6 cos3cos6+sm3sm6+1(sm3cos6 cos3sm6ﬂ

T w\. . (n ®w Using the identities:
=6 COS(§_3)+ISIH(§_E) cos(A4— B) = cos Acos B +sin Asin B
6 T :on T sinfA— B)=sin Acos B—cos Asin B
= (cos€+1smg).

Noting that arg z, is —%, it follows that the modulus of z,z, is the product of the modulus of

z, and the modulus of z,, and the argument of z,z, is the sum of the arguments of z and z,.

Exercise 1E

L Z e T e T _ T o T
1. (a) Find z, if z, —2(cos3+1sm3) and z, 3(0056 1s1n6).

(b) What can you say about the modulus and argument of j—‘?
2

11
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Example 1.7.2

If z, =(x, 6,) and z,=(n,, 6,), show that zz, =5, [cos(6, +6,) +isin(), +6,)].

z,z, =1 (cos@, +1sinf,) r,(cosd, +isindb,)
=, [cosﬁ1 cos @, +i(sin @, cosd, +cos G, sin@,) +i’sin 6, sinﬁz]
=11, [(cos b, cos @, —sin G, sin 6,) +i(sin 6, cos 6, +cos G, sin )]

=711, [cos(6, +6,) +isin(6, +6,)] .

If z, =(r, 6) and z, =(r,, 6,) then zz, =(nr,, 6, +6,) —with the
proviso that 2n may have to be added to, or subtracted from, &, + 6, if
0, + 0, is outside the permitted range for 6

There is a corresponding result for division — you could try to prove it for yourself.

If z, = (5, 6) and z, =(r,, 6,) then %:(% 0, —ezj _ with the

same proviso regarding the size of the angle 6, -6,

12
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1.8 Equating real and imaginary parts

Going back to Example 1.6.1, j—l can be simplified by another method.
2

Suppose we let a +ib = 3t 4‘1 . Then,

1-21
(1-2i)(a+1b)=3+4i
= a+2b+i(b—-2a)=3+4i.
Now, a and b are real and the complex number on the left hand side of the equation is equal to
the complex number on the right hand side, so the real parts can be equated and the imaginary
parts can also be equated:
a+2b=3
and b—2a =4.

Thus b=2 and a =-1, giving —1+2i as the answer to a+1b as in Example 1.6.1.

While this method is not as straightforward as the method used earlier, it is still a valid
method. It also illustrates the concept of equating real and imaginary parts.

If a+1b=c+1id, where a, b, ¢ and d are real,
then a=c and b=d

Example 1.8.1
Find the complex number z satisfying the equation

(3—4i)z—(1+1)z" =13+ 2i.

Let z=(a+1ib), then z* = (a—1ib).

Thus, (3—-4i)(a+1b)—-(1+1)(a—1b) =13 +21.

Multiplying out, 3a —4ia +3ib—4i’b—a—ia+ib+i’h =13+ 2i.
Simplifying, 2a +3b+i(-5a +4b) =13+ 2i.

Equating real and imaginary parts,
2a+3b=13,

—S5a+4b=2.
So, a=2 and b=3. Hence, z=2+3i.

Exercise 1F

1. If z, = (3, 2—“) and z, = (2, —%), find, in polar form, the complex numbers

z VA
(@) zz,, (b) %, ) z>, () z’, (e Z—22
1
2. Find the complex number satisfying each of these equations:

(a) (1+i)z=2+3i, (b) (z—i)3+i)=7i+1l, (c) z+i=27—1.

13
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1.9  Further consideration of |z, —z| and arg(z, - z))

Section 1.5 considered simple cases of the sums and differences of complex numbers.
Consider now the complex number z =z, —z,, where z, =x, +1y, and z, =x, +1iy,. The

points 4 and B represent z, and z,, respectively, on an Argand diagram.

y

A(x,») ... = B(x,,,)

7
7
’

C

Then z=z, -z =(x,—x,)+i(y, —»,) and is represented by the point C (x, —x,, ¥, —»,).

This makes OABC a parallelogram. From this it follows that

2 -5]=0C =[x, =) + (0 =]

that is to say |22 - zl| is the length 4B in the Argand diagram. Similarly arg(z, —z,) is the

angle between OC and the positive direction of the x-axis. This in turn is the angle between
AB and the positive x direction.

If the complex number z, is represented by the point 4, and the complex

number z, is represented by the point B in an Argand diagram, then
9
|z2 - zl| = AB, and arg(z, —z,) is the angle between 4B and the positive

direction of the x-axis

Exercise 1G

1. Find |z2 —zl| and arg(z, —z,) In
(@) z,=2+3i1, z, =7+5i,
(b) z,=1-31, z,=4+i,
(¢) zy=-1+2i, z, =—4-51.

14
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1.10 Locion Argand diagrams

A locus is a path traced out by a point subjected to certain restrictions. Paths can be traced
out by points representing variable complex numbers on an Argand diagram just as they can
in other coordinate systems.

Consider the simplest case first, when the point P represents the complex number z such that
|z| = k. This means that the distance of P from the origin O is constant and so P will trace out

a circle.

|z| =k represents a circle with centre O and radius k£

If instead |z - zl| =k, where z, is a fixed complex number represented by the point 4 on an

Argand diagram, then (from Section 1.9) |z - Z1| represents the distance AP and is constant. It

follows that P must lie on a circle with centre 4 and radius .

|z - Z1| = k represents a circle with centre z, and radius k&

Note that if |z - Z1| <k, then the point P representing z can not only lie on the circumference

of the circle, but also anywhere inside the circle. The locus of P is therefore the region on and
within the circle with centre 4 and radius £.

Now consider the locus of a point P represented by the complex number z subject to the
, where z, and z, are fixed complex numbers represented by the

conditions |z -z, | = |z -z,
points A and B on an Argand diagram. Again, using the result of Section 1.9, it follows that
AP = BP because |z - Z1| is the distance AP and |z - zz| is the distance BP. Hence, the locus
of P is a straight line.

|z — zl| = |z - zz| represents a straight line — the perpendicular

bisector of the line joining the points z, and z,

Note also that if |z — Z1| < |z - zz| the locus of z is not only the perpendicular bisector of AB,
but also the whole half plane, in which A4 lies, bounded by this bisector.

y
All the loci considered so far have been
related to distances — there are also
simple loci in Argand diagrams P
involving angles.

0 a
The simplest case is the locus of P x
subject to the condition that argz = «,
where « is a fixed angle.

15
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This condition implies that the angle between OP and Ox is fixed («) so that the locus of P is
a straight line.

arg z = a represents the half line through O inclined
at an angle o to the positive direction of Ox

Note that the locus of P is only a half line — the other half line, shown dotted in the diagram
above, would have the equation arg z =+ «, possibly +2n if n+a falls outside the

specified range for arg z.

In exactly the same way as before, the locus of a point P satisfying arg(z —z,) =, where z,
is a fixed complex number represented by the point 4, is a line through 4.

arg(z —z,) =  represents the half line through the point z,

inclined at an angle o to the positive direction of Ox

Note again that this locus is only a half line — the other half line would have the equation
arg(z —z,) =mn+a, possibly +2mx.

Finally, consider the locus of any point P satisfying o < arg(z —z,) < . This indicates that

the angle between AP and the positive x-axis lies between « and £, so that P can lie on or
within the two half lines as shown shaded in the diagram below.

16
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Exercise 1H

1. Sketch on Argand diagrams the locus of points satisfying:
(a) |z| =3, (b) arg(z—-1) =%, (c) |z—2—i| -5

2. Sketch on Argand diagrams the regions where:
(a) |z-3i|<3, @)gsa@@—4—zos%g

3. Sketch on an Argand diagram the region satisfying both |z—1-i[<3 and 0 <argz < %

4. Sketch on an Argand diagram the locus of points satisfying both |z —i| = |z +1+ 2i| and

|z+3i|< 4.

17
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Miscellaneous exercises 1
1. Find the complex number which satisfies the equation
2z+1z" =4 -1,

where z* denotes the complex conjugate of z.
[AQA June 2001]

2. The complex number z satisfies the equation
3(2—1) = i(z+1).
(a) Find z in the form a +1b, where a and b are real.
(b) Mark and label on an Argand diagram the points representing z and its conjugate, z*.

(c) Find the values of |z| and ‘z -z

[NEAB March 1998]

3. The complex number z satisfies the equation
zz" =3z-2z" =2i,

where z* denotes the complex conjugate of z. Find the two possible values of z, giving
your answers in the form a +1b.
[AQA March 2000]

4. By putting z = x+1y, find the complex number z which satisfies the equation

1+1
z+2z2" =—,
2+1
where z* denotes the complex conjugate of z.

[AQA Specimen]

5. (a) Sketch on an Argand diagram the circle C whose equation is

‘z—\/g—i‘zl.

(b) Mark the point P on C at which |z| is a minimum. Find this minimum value.

(c) Mark the point Q on C at which argz is a maximum. Find this maximum value.
[NEAB June 1998]

18



MFP2 Textbook— A-level Further Mathematics — 6360

6. (a) Sketch on a common Argand diagram
(1) the locus of points for which |z -2- 3i| =3,

(i1) the locus of points for which argz = %n.

(b) Indicate, by shading, the region for which
|z—2—3i| <3 and argz <%n.
[AQA June 2001]

7. The complex number z is defined by

Z:1+3i
1-2i°

(a) (1) Express z in the form a +1ib.

(i1) Find the modulus and argument of z, giving your answer for the argument in
the form pn where —1< p <1.

(b) The complex number z, has modulus 22 and argument —Z—;. The complex number

z, 1s defined by z, =z z,.
(1) Show that |22| =4 and argz, :%.

(1) Mark on an Argand diagram the points £ and P, which represent z, and z,,
respectively.

(111) Find, in surd form, the distance between £ and P,.
[AQA June 2000]

19
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8. (a) Indicate on an Argand diagram the region of the complex plane in which
2n

< <
O_arg(erl)_—3 .
(b) The complex number z is such that
2n
< )<=
0<arg(z+1) 2

and Sarg(z+3)£n.

Kl
6
(1) Sketch another Argand diagram showing the region R in which z must lie.

(i) Mark on this diagram the point 4 belonging to R at which |z| has its least possible

value.

(c) At the point 4 defined in part (b)(ii), z=z,.

(i) Calculate the value of |z y |

(i1) Express z, in the form a+1ib.

[AQA March 1999]

9. (a) The complex numbers z and w are such that
z=(4+2i)(3-1)
and w= ﬂ
3-1
Express each of z and w in the form a +1b, where a and b are real.

(b) (i) Write down the modulus and argument of each of the complex numbers 4+ 2i
and 3—1. Give each modulus in an exact surd form and each argument in radians

between —mn and =.

(i) The points O, P and Q in the complex plane represent the complex numbers
0+ 01,4+ 2i and 3—1, respectively. Find the exact length of PQ and hence, or

otherwise, show that the triangle OPQ is right-angled.
[AEB June 1997]

20
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Chapter 2: Roots of Polynomial Equations

2.1

2.2

23

24

2.5

2.6

2.7

2.8

Introduction

Quadratic equations

Cubic equations

Relationship between the roots of a cubic equation and its coefficients
Cubic equations with related roots

An important result

Polynomial equations of degree n

Complex roots of polynomial equations with real coefficients

This chapter revises work already covered on roots of equations and extends those ideas.
When you have completed it, you will:

know how to solve any quadratic equation;

know that there is a relationship between the number of real roots and form of a
polynomial equation, and be able to sketch graphs;

know the relationship between the roots of a cubic equation and its coefficients;
be able to form cubic equations with related roots;

know how to extend these results to polynomials of higher degree;

know that complex conjugates are roots of polynomials with real coefficients.

21
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2.1 Introduction

You should have already met the idea of a polynomial equation. A polynomial equation of
degree 2, one with x* as the highest power of x, is called a quadratic equation. Similarly, a
polynomial equation of degree 3 has x° as the highest power of x and is called a cubic

equation; one with x* as the highest power of x is called a quartic equation. In this chapter
you are going to study the properties of the roots of these equations and investigate methods
of solving them.

2.2  Quadratic equations

You should be familiar with quadratic equations and their properties from your earlier studies
of pure mathematics. However, even if this section is familiar to you it provides a suitable
base from which to move on to equations of higher degree.

You will know, for example, that quadratic equations of the type you have met have two roots
(which may be coincident). There are normally two ways of solving a quadratic equation — by
factorizing and, in cases where this is impossible, by the quadratic formula.

Graphically, the roots of the equation ax’ +bx+c =0 are the points of intersection of the
curve y =ax’ +bx+c and the line y =0 (i.e. the x-axis). For example, a sketch of part

of y = x> +2x—8 is shown below.

X

(—4,0) (2,0)

(0,-8)

The roots of this quadratic equation are those of (x —2)(x+4) =0, which are x =2 and —4.

22
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A sketch of part of the curve y =x”> —4x+4 is shown below.

y

(0,4)

0O (2, 0) X

In this case, the curve touches the x-axis. The equation x> —4x +4 =0 may be written as
(x—2)* =0 and x =2, arepeated root.

Not all quadratic equations are as straightforward as the ones considered so far. A sketch of
part of the curve y = x> —4x+5 is shown below.

¥

0,5)

@D
[0) X

This curve does not touch the x-axis so the equation x* —4x+5=0 cannot have real roots.

[ 2
b _4“} has to

Certainly, x” —4x+5 will not factorize so the quadratic formula [x _=bd 2a

be used to solve this equation. This leads to x = 4191620

2
Chapterl, this becomes % or 2+i. It follows that the equation x* —4x+5=0 does have

and, using ideas from

two roots, but they are both complex numbers. In fact the two roots are complex conjugates.
You may also have observed that whether a quadratic equation has real or complex roots

depends on the value of the discriminant b* — 4ac.

The quadratic equation ax” +bx+c =0, where a, b
and c are real, has complex roots if 5° —4ac <0

23
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Exercise 2A

1. Solve the equations

(a) x> +6x+10=0,  (b) x> +10x+26=0.

2.3  Cubic equations

As mentioned in the introduction to this chapter, equations of the form ax’ +bx* +cx+d =0
are called cubic equations. All cubic equations have at least one real root — and this real root
is not always easy to locate. The reason for this is that cubic curves are continuous — they do

not have asymptotes or any other form of discontinuity. Also, as x — oo, the term ax’
becomes the dominant part of the expression and ax’ — oo (if a > 0), whilst ax’ — —o0 when
x — —oo. Hence the curve must cross the line y =0 at least once. If a <0, then ax’ — —oo

as x > o, and ax’ —> o as x > —o and this does not affect the result.
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A typical cubic equation, y = ax’ +bx” +cx+d with a >0, can look like any of the sketches
below.

y
The equation of this curve has three
real roots because the curve crosses
the line y =0 at three points.
; Vs :
y

[ o x /0 X

In each of the two sketch graphs above, the curve crosses the line y =0 just once, indicating

just one real root. In both cases, the cubic equation will have two complex roots as well as the
single real root.

Example 2.3.1

(a) Find the roots of the cubic equation x’ +3x*> —x—3=0.
(b) Sketch a graph of y=x’ +3x" —x-3.

’

(@)| If f(x)=x"+3x>-x-3, (b) 2‘
then f(1)=1+3-1-3=0. .
Therefore x —1 is a factor of f(x). — T 6 e

s f(x) = (x=1)(x% +4x+3) . -
=(x-D(x+3)(x+1). —
Hence the roots of f(x) =0 are 1, -3 and —1.

25



MFP2 Textbook— A-level Further Mathematics — 6360

Example 2.3.2

Find the roots of the cubic equation x° +4x* + x—26=0.

Let f(x)=x"+4x” +x—26.
Then f(2)=8+16+2-26=0.
Therefore x—2 is a factor of f(x), and f(x) = (x —2)(x”* + 6x+13).

The quadratic in this expression has no simple roots, so using the quadratic formula on

x> +6x+13=0,
—b++/b*—4ac
2a
—6++/36-52
2
—6+4i
2
=-3+2i.

Hence the roots of f(x)=0 are 2 and -3+ 2i.

Exercise 2B

1. Solve the equations
(a) X’ —x*=5x-3=0,

(b) ¥’ -3x*+4x-2=0,
() x’+2x*-3x-10=0.
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2.4  Relationship between the roots of a cubic equation and its coefficients

As a cubic equation has three roots, which may be real or complex, it follows that if the
general cubic equation ax’ +bx” +cx+d =0 has roots a, £ and y, it may be written as
a(x—a)(x— B)(x—y)=0. Note that the factor a is required to ensure that the coefficients of

x> are the same, so making the equations identical. Thus, on expanding the right hand side of
the identity,

ax’ +bx’ +cex+d =a(x—a)(x— ) (x—y)

=ax’ —ala+ B+y)x’ +a(af + Py +ya)x—aafy.

The two sides are identical so the coefficients of x* and x can be compared, and also the
number terms,

b=—ala+pf+y)
c=a(af+ fy+ya)
d=—-aapy.
If the cubic equation ax’ +bx* +cx+d =0 has
roots «, ff and y, then
__b
Ya=-2,
)
Zaﬂ - a 9
__4d
afy=-_

Note that >« means the sum of all the roots, and that > @8 means the sum of all the
possible products of roots taken two at a time.

Exercise 2C

1. Find > a, Y aff and afy for the following cubic equations:
(@) X’ =7x* +12x+5=0, (b) 3x’ +4x>—Tx+2=0.

2. The roots of a cubic equation are &, f and y. If Y a=3, D af =% and affy =-S5, state

the cubic equation.
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2.5 Cubic equations with related roots

The example below shows how you can find equations whose roots are related to the roots of
a given equation without having to find the actual roots. Two methods are given.

Example 2.5.1

The cubic equation x’ —3x* +4 =0 has roots «,  and y. Find the cubic equations with:

(a) roots 2a,2f and 2y, (b) roots ¢—2, f—2and y -2, (c) roots %, 1 and %

B

Solution: method 1

From the given equation,

dYa=3
daf=0
afy =-4.

(a) Hence d2a=2>a=6
dY2a-2=4>af =0
20262y =8afly =-32.
From which the equation of the cubic must be
¥ —6x"+0x+32=0
or x*—6x’+32=0.

(b)
Y(a-2)=(Ya)-6=3-6=-3
2(@=-2)(B-2)=2af-2Ya-23 f+(4x3)
=Y aff-4> a+12
=0-12+12=0.
(a=2)(B-2)y-2)=afy-22 af+43 a—38
= —4-0+12-8
=0.

Hence the equation of the cubic must be x* +3x*> =0.
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(©

apy
_3__3
4 4

So that the cubic equation with roots L, 1 and 1 is
a’ p y
3 a2 3.1 _
x —0x ) X+ ) 0
or 4x* =3x+1=0.
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The second method of finding the cubic equations in Example 2.5.1 is shown below. It is not
always possible to use this second method, but when you can it is much quicker than the first.

Solution: method 2

(a) As the roots are to be 2, 2 and 2y, it follows that, if X = 2x, then a cubic equation in
X must have roots which are twice the roots of the cubic equation in x. As the equation in

xis x° —3x” +4 =0, if you substitute x = % the equation in X becomes
x\V oL (xV .,
5] -3(5]) +4-0.

or X -6X*+32=0
as before.

(b) In this case, if you put X =x—2 in x’ —3x” +4 =0, then any root of an equation in X
must be 2 less than the corresponding root of the cubic in x. Now, X =x—-2 gives
x =X +2 and substituting into x’ —3x” +4 =0 gives
(X+2)Y =3(X+2)+4=0
which reduces to X’ +3X°=0.

(c) In this case you use the substitution X :% or x = % For x’ —3x* +4 =0 this gives
IR R
(X) 3(¥)+4_a
On multiplying by X, this gives
1-3X+4X°=0

or 4X°-3X+1=0
as before.

Exercise 2D

1. The cubic equation x’ —x* —4x—7 =0 hasroots &, f and y. Using the first method
described above, find the cubic equations whose roots are

(2) 32,38 and 3y, (b) a@+1, f+1and y+1, (c)%,%and%.

2. Repeat Question 1 above using the second method described above.

3. Repeat Questions 1 and 2 above for the cubic equation 2x” —3x* +6 =0.
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2.6 Animportant result

If you square a + f +y you get
(@+p+y) =(a+f+y)Na+p+y)
=a’ +af+ay+Pa+f+ pr+ya+yB+y’
=’ + B +y +2af+ 2Py +2ya.

So, (Ta) =Ya*+2Yap, or

Yat= (ZO{)2 —2> af for three numbers «, £ and y

This result is well worth remembering — it is frequently needed in questions involving the
symmetric properties of roots of a cubic equation.

Example 2.6.1

The cubic equation x* —5x* +6x+1=0 hasroots «,  and y. Find the cubic equations with
(a) roots By, ya and af3,  (b) roots a, B and y°.

[Note that the direct approach illustrated below is the most straightforward way of solving this
type of problem.]

(a) da=5
daf=6
afly =-1

Yop-Pr=ecf’y=afyy. f=afyYa=-1x5=-5.
af-py-ya=a’ By’ =(=1)" =+1.

Hence the cubic equation is x* —6x° —5x—1=0.

Yat=(Ya) -2Xaf =5 —(2x6)=13.
Yalpi=(TaB )2 —2> af3.By using the same result but replacing o with a3,
S with By, and y with ya.

Thus > o’ B 2(20!,3)2 -2Y af’y
=(Tap) —2efrYa=36-(2x—1x5)=46.
a’ Byt =(-1) =1.

Hence the cubic equation is x° —13x° +46x—1=0.

—~
O
~
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2.7 Polynomial equations of degree n

The ideas covered so far on quadratic and cubic equations can be extended to equations of any
degree. An equation of degree 2 has two roots, one of degree 3 has three roots — so an
equation of degree n has n roots.

n=3

Suppose the equation ax” +bx"" +cx" > +dx" ...+ k=0 has nroots a, 3, 7,... then

__b

za - a s
e
zaﬂ - a ]

__4d

Zaﬁy - a 5

. D"k
until, finally, the product of the n roots afy...= —

Remember that > af is the sum of the products of all possible pairs of roots, > afy is the
sum of the products of all possible combinations of roots taken three at a time, and so on.

In practice, you are unlikely to meet equations of degree higher than 4 so this section
concludes with an example using a quartic equation.

Example 2.7.1

The quartic equation 2x* +4x’ —6x> +x—1=0 has roots «, 3, ¥ and 5. Write down
@) Xa, (b) Xap.
(¢) Hence find 3 o’

Za=a+ﬂ+y+5=_74=—2.

Saf =afi+ fy+yS+oa+ay+ f5=""=-3.

©)] Now (Ya) =(a+p+y+5)
=a’+ P+ + 87 +2af + Py +yo+Sa+ay + BS)
=>a’+2> ap.

This shows that the ‘important result’ in Section 2.6 can be extended to any number of letters.

Hence Yo =(Ya) -2Y ap
=(-2)"-2(-3)
=10.
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Exercise 2E

1. The quartic equation 2x* —3x* +5x—8=0 has roots a, £3, ¥ and &.

(a) Find the equation with roots a By and é.

2°2°2 2
(b) Find > .

2.8 Complex roots of polynomial equations with real coefficients

Consider the polynomial equation f(x)=ax" +bx"" +cx" ...+ k. Using the ideas from
Chapter 1, if p and ¢ are real,
f(p+ig)=a(p+ig)" +b(p+ig)" " +...+k

=u+iv, where u and v are real.
Now, f(p—ig)=a(p—iq)" +b(p—ig)" " +...+k
=u—1v

since —i raised to an even power is real and is the same as +i raised to an even power,
making the real part of f(p—iq) the same as the real part of f(p+ig). But —i raised to an
odd power is the same as +i raised to an odd power multiplied by —1, and odd powers of i
comprise the imaginary part of f(p —iq). Thus, the imaginary part of f(p—ig) is —1 times
the imaginary part of f(p +iq).

Now if p+ig is aroot of f(x)=0, it follows that #+iv=0 and so u =0 and v=0. Hence,
u—iv=0 making f(p—ig) =0 and p—ig aroot of f(x)=0.

If a polynomial equation has real coefficients and if p +igq,

where p and ¢ are real, is a root of the polynomial, then its
complex conjugate, p —ig, is also a root of the equation

It is very important to note that the coefficients in f(x) =0 must be real. If f(x)=0 has
complex coefficients, this result does not apply.
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Example 2.8.1

The cubic equation x* —3x” +x+k =0, where k is real, has one root equal to2—i. Find the
other two roots and the value of &.

As the coefficients of the cubic equation are real, it follows that 2+1 is also a root.

Considering the sum of the roots of the equation, if yis the third root,

Q=)+ (2+i)+7y =—‘T3=3,
y=-1.
To find &,
—k=afy =(2-i)(2+i)(-1)=-5,
k=5.
Example 2.8.2

The quartic equation x* +2x” +14x+15=0 has one root equal to 1+2i. Find the other three
roots.

As the coefficients of the quartic are real, it follows that 1-2i is also a root.
Hence [x—(1+2i)][x—(1-2i)] is a quadratic factor of the quartic. Now,
[x -1+ 2i)] [x -(1- 2i)] = x> —x(1+2i) — x(1-2i) + (1+2i)(1-2i)
=x"—2x+5.
Hence x° —2x+5 is a factor of x* +2x” +14x+15.

Therefore x* +2x° +14x+15= (x> —2x+5)(x* + ax +b).
Comparing the coefficients of x°,
2=a-2
a=4.
Considering the number terms,
156 =5

b=3.
Hence the quartic equation may be written as
(x> =2x+5)(x* +4x+3)=0

(x* =2x+5)(x+3)(x+1) =0,

and the four roots are 1+2i,1—2i,—3 and —1.
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Exercise 2F

1. A cubic equation has real coefficients. One root is 2 and another is 1+1i. Find the cubic
equation in the form x° +ax’ +bx+c=0.

2. The cubic equation x” —2x* +9x—18=0 has one root equal to 3i. Find the other two
roots.

3. The quartic equation 4x* —8x’ +9x* —2x+2 =0 has one root equal to 1—i. Find the other
three roots.
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Miscellaneous exercises 2

1. The equation
¥ =3x+ px+4=0,

where p is a constant, has roots a — f, « and a+ £, where > 0.
(a) Find the values of « and B.

(b) Find the value of p.
[NEAB June 1998]

2. The numbers «, f and y satisfy the equations
a’+ B +yt =22
and afp+ Py +ya=—11.

(a) Show that o+ f+y=0.

(b) The numbers «, f and y are also the roots of the equation
X+ pxt +qx+r—0,
where p, g and r are real.
(1) Given that o =3+4i and that y is real, obtain £ and y.

(i1) Calculate the product of the three roots.

(ii1)) Write down, or determine, the values of p, ¢ and r.
[AQA June 2000]

3. The roots of the cubic equation
2x° +3x+4=0
are «, f and y.

(a) Write down the values of a+ f+y, aff + By +ya and afly.
(b) Find the cubic equation, with integer coefficients, having roots off, fy and ya.

[AQA March 2000]

4. The roots of the equation
7x’ —8x> +23x+30=0
are a, [ and y.

(a) Write down the value of a+ S +.

(b) Given that 1+ 21 is a root of the equation, find the other two roots.
[AQA Specimen]
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5. The roots of the cubic equation
X+ pxXt +qx+r=0,

where p, g and r are real, are «, £ and y.
(a) Given that o+ f+y =3, write down the value of p.

(b) Given also that
a’+ p+y’=-5,
(1) find the value of ¢,

(i1) explain why the equation must have two non-real roots and one real root.

(c) One of the two non-real roots of the cubic equation is 3 —4i.
(1) Find the real root.

(i1) Find the value of .
[AQA March 1999]

6. (a) Prove that when a polynomial f(x) is divided by x—a, the remainder is f(a).

(b) The polynomial g(x) is defined by
g(x) =16x" + px’ + gx* —12x -1,
where p and ¢ are real constants. When g(x) is divided by x—1, where i= J-1, the
remainder is 3.
(1) Find the values of p and q.
(ii) Show that when g(x) is divided by 2x—i, the remainder is —6i.
[AQA June 1999]
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Chapter 3: Summation of Finite Series

3.1 Introduction
3.2 Summation of series by the method of differences
3.3 Summation of series by the method of induction

3.4 Proof by induction extended to other areas of mathematics

This chapter extends the idea of summation of simple series, with which you are familiar from
earlier studies, to other kinds of series. When you have completed it, you will:

e know new methods of summing series;
e know which method is appropriate for the summation of a particular series;
e understand an important method known as the method of induction;

e be able to apply the method of induction in circumstances other than in the summation of
series.
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3.1 Introduction

You should already be familiar with the idea of a series — a series is the sum of the terms of a
sequence. That is, the sum of a number of terms where the terms follow a definite pattern.

For instance, the sum of an arithmetic progression is a series. In this case each term is bigger
than the preceeding term by a constant number — this constant number is usually called the
common difference. Thus,

2+5+8+11+14
is a series of 5 terms, in arithmetic progression, with common difference 3.
The sum of a geometric progression is also a series. Instead of adding a fixed number to find

the next consecutive number in the series, you multiply by a fixed number (called the
common ratio). Thus,

2+6+18+54+162+486

is a series of 6 terms, in geometric progression, with common ratio 3.

A finite series is a series with a finite number of terms. The two series above are examples of
finite series.
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3.2  Summation of series by the method of differences

Some problems require you to find the sum of a given series, for example

sum the series 1 + 1 1 1

<2 2x3 3x4 " T ulne1)

In others you have to show that the sum of a series is a specific number or a given expression.
An example of this kind of problem is
1 1 1 1 1

show that 1X2+2X3+3X4+...+n(n+1) :1_m,

The method of differences is usually used when the sum of the series is not given. Suppose

n
you want to find the sum, > u,, of a series

r=l1
U tuy tus+.tu,
where the terms follow a certain pattern. The aim in the method of differences is to express

1
r(r+1)

above), as the difference of two expressions in r of the same form. In other words, u, is

is the ™ term of the first series

the ™ term, which will be a function of r (just as

expressed as f(r) —f(r +1) , Or possibly f(r + 1)—f(r), where f(r) is some function of . If

you can express u, in this way, it can be seen that setting » =1 and then » =2 gives
w +u, =f(1)-1(2)+1(2)-1(3)
—£(1)-£(3).

If this idea is extended to the whole series, then

r=1 u =1 (1)-1(2)
r=2 u, =£(2)-1(3)
r=3 uy =f(3)—1(4)

Now, adding these terms gives
Uy ity by by = £(1)=F(2)+F(2)—F(3)+F(3)— £ (4)+£ (4)
..+f(n—1)—f(n)+f(n)—f(n+1).

The left hand side of this expression is the required sum of the series, D u,. On the right

r=1

hand side, nearly all the terms cancel out: f(2),f(3),f(4),...,f(n) all cancel leaving just
f(1)—f(n+1) as the sum of the series.
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Example 3.2.1

1+1 1

Find the sum of the series oo T ax3 3><4+"'+—n(n+1)'

Clearly, this is not a familiar standard series, such as an arithmetic or geometric series. Nor is
the answer given. So it seems that the method of differences can be applied.

1
r (r + 1) '
1
r (r + 1)
1 _4 .
r(r+l) r r+l
Then, 1= A(r+1)+ Br. Comparing the coefficients of », 4+ B =0. Comparing the constant
terms, A=1. Hence B=-1 and
1 1 1

= r(r+1) _7_r+1'

As above, the 7™ term, u,, is given by We need to try to split up u,. The only

sensible way to do this is to express

in partial fractions. Suppose

Hence, in this case the (r) mentioned previously would be %, with f (r + 1) = %, and so

on. Now, writing down the series term by term,

r=1 1 :l— 1 —l—l
Ix2 1 1+1

1
_ 1 _1_ 1 :51/_%/
r=2 2x3 2 2+1

f:3 §i4:%_311 :%L%/

r=n-—1 L L -V }/
(n-Dn n-1 (m-D+1 -1 /M
! Y
n(n+1) n+l
) . d 1 1 1
Adding the columns, the left hand side becomes ’Z:‘i rrAl) Because the 73 etc. terms

cancel, the right hand side becomes 1—%, namely the first left hand side term and the last
n+

right hand side term. Hence,

-1 1
Zr(r+l) ==

I n+l
_(n+1)-1
T on+1

n
n+l’
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Example 3.2.2
Show that 72 (r +l)2 —(r—l)2 r? =47°. Hence find Zr3.

r=l1
The left hand side of the identity has a common factor, 7.
7 (r+1)2 —(r—1)2 rr=r? (r+1)2 —(r—l)z}
=7? _(rz +2r+1)—(r2 —2r+1)}
=[P 2rr1-42 +2r—1]
r? (4r)
4.

Now, if f(r)=(r—1)*r?, then
Fr+1)=(r+1-1) (r+1)’
=7’ (l"+1)2 s

so that 4/° is of the form f (r + 1)—f (r). Listing the terms in columns, as in Example 3.2.1,
r=1 axr® = [TH22) (07 x1%)

F=2 4x 2} =(?>32\)—(?xzz\)
F=3 4x3° =(\N2\)—M

p=(nm1) (1) = - 2R’
r=n 4xn’ n‘?(n+l)2—(n\—1§2\n2.

Adding the columns, it can be seen that the left hand side is
(4><13)+(4><23)+(4><33)+...+4n3 =430,
r=1

Summing the right hand side, all the terms cancel out except those shaded in the scheme

above, so the sum is n> (n + 1)2 —(02 x12 ) Hence,
42’1:1/3 =n? (n+1)2 —(02 Xlz)
r=1
=n? (n + 1)2 .

Hence, > 7’ = %nz (n+1)*, as required.

r=1
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In both Examples 3.2.1 and 3.2.2, one term on each line cancelled out with a term on the next
line when the addition was done. Some series may be such that a term in one line cancels
with a term on a line two rows below it.

Example 3.2.3

Sum the series 1 + L 1 L

x5 3x7  5x9 " an-1)(2n+3)’

As in Example 3.2.1, the way forward is to express in partial fractions.

1
(2n—1)(2n+3)
1 __4 . B
(2r-1)(2r+3) 2r-1 2r+3
Multiplying both sides by (2r—1)(2r+3),

Let

1= A(2r+3)+B(2r-1).

Comparing the coefficients of , 24+ 2B =0, so A =-B. Comparing the constant terms,

|=34—B. Hence A= and B=—-1. Thus,

4 4

(2r—1)1(2r+3) :%(2;—1)_%(#)'

Now substitute » =1, 2, 3,---

=1 . :l(l)_l_
x5 4\1 5

_ 1 _ L)1

r=2 3x7 _4(3) M

[note that nothing will cancel at this stage]

_ 1 11
r=3 5%9 ‘%@)@yj

[note that %(%) will cancel on the first row and the third row]

_ 1 _1q_1
r=4 7x11 _/%jﬂj(ﬁ)

(2n 1) :%ﬁ_j%njﬁ
(2n+1) :%{/3)_%(21411)
2n+3) :j%;‘jj—i(%iﬁ'

—"—

(2n—5

—" —

(2n—3

—_

(2n—l)
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There will be two terms left at the beginning of the series when the columns are added,

%(%) and %(%) Likewise, there will be two terms left at the end of the series — the right
hand part of the » =n—1and r =n rows.

Therefore, addition gives

L1 ST R T
l><5+3x7+5x9+"'+(2n—1)(2n+3)_4(1)+4(3) 4(271—1) 4(2n+3)

: +%_(2n1+1+2n1+3ﬂ
i)
_[ 4(n+1) j
(2n+1)(2n+3) |

4
3
n+1
2n+1 2n+3) '

N
—

-lklr—*
1

-lkl»—‘

Exercise 3A
1. (a) Simplify r (r + 1) —(r — l)r.
(b) Use your result to obtain ) r.

r=1

1 1 _ 3
r(r+1)(r+2) B F+D(r+2)(r+3) r(r+)F+2)(r+3)

2. (a) Show that

(b) Hence sum the series Z ! .
= r(r+D)(F+2)(r+3)

3. (a) Show that (r+1)’ —(r—1)’ =6-% +2.

(b) Deduce > °.

r=1
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3.3 Summation of a series by the method of induction

The method of induction is a method of summing a series of, say, n terms when the sum is
given in terms of n. Suppose you have to show that the sum of # terms of a series is S(n). If
you assume that the summation is true for one particular integer, say k, where k < n, then you
are assuming that the sum of the first £ terms is S(k). You may think that this rather begs the
question but it must be understood that the result is assumed to be true for only one value of
n,namely n=k. You then use this assumption to prove that the sum of the series to k£ +1

terms is S (k + 1) — that is to say that by adding one extra term, the next term in the series, the

sum has exactly the same form as S(n) but with n replaced by k£ +1. Finally, it is
demonstrated that the result is true for n=1. To summarise:

1 Assume that the result of the summation is true for n =k
and prove that it is true for n =k +1

2 Prove that the result is true for n =1

Statement 1 shows that, by putting £ =1 (which is known to be true from Statement 2), the
result must be true for n =2; and Statement 1 shows that by putting £ =2 the result must be

true for n =3; and so on. By building up the result, it can be said that the summation result is
true for all positive integers n.

There is a formal way of writing out the method of induction which is shown in the examples
below. For convenience, and comparison, the examples worked in Section 3.2 are used again
here.

Example 3.3.1

n

1
Show that Zr(r+1) = n:ltl'

r=1

Assume that the result is true for n = k; that is to say

111 1k
2 23 3xd T (ke ) T kAL

Adding the next term to both sides,

1+1+1++1Jr 1 k 1

2723 3xd (k) (k) (kv2) kL (k1) (k+2)
Then

,Z;r(rl+l) B k]—ck1+(k+l)l(k+2)
k(k+2)+1
(k+1)(k+2)

k2 +2k +1
(k+1)(k+2)
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_k+1
k+2

_ k+1
(k+1)+1°

which is of the same form but with k£ +1 replacing k. Hence, if the result is true for n =k, it

is true for n =k +1. But it is true for n =1 because the left hand side is i l, and the

Ix2 2

right hand side is 1 Therefore the result is true for all positive integers by induction.

1
1+1° 2

Example 3.3.2

- 3_1 2 2
Show that > » =" (n+1)".

r=1

Assume that the result is true for n =k, that is to say

k
>t =k (k1)

r=

—_

Then, adding the next term to both sides

k+1

2=
r=1

2

K (k+1) +(k+1)3

2

o
+

K +4(k+1) ]

2

il
+1)2[k2+4k+4]
) (k+

~_ /N
b

k+1

_Z(k+1)2 [(k+1)+1]2,

which is of the same form but with k£ +1 replacing k. Hence, if the result is true for n =k, it

k+2)°

4>|~ 4>|~ N_ N_

is true for n =k +1. But it is true for k =1 because the left hand side is 1° =1, and the right
1

hand side is )

x1% x2% =1. Therefore the result is true for all positive integers by induction.
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Exercise 3B

1. Prove the following results by the method of induction:

@ (1x2)+(2x3)+(3x4)+...4n(n+1) = Sn(n+1)(n+2).

(b) P +2*+3 +...+n° :%n(n+l)(2n+1).
(©) rzn:lr(r+2):%n(n+l)(2n+7).

(d) Zn:rxr!:(n+l)!—l.

r=1
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3.4 Proof by induction extended to other areas of mathematics

The method of induction is certainly useful in the summation of series but it is not confined to
this area of mathematics. This chapter concludes with a look at its use in three other
connections — sequences, divisibility and de Moivre’s theorem for positive integers.

Example 3.4.1 — application to sequences

A sequence u,, u,, U, ... is defined by u; =3 un+1=3—l% (n>1).
2n+1 _1
Prove by induction that forall n>1, u, = YRR

Assume that the result is true for n =k, that is to say

2k+1 _1
u, = .
Kook

Then, using the relationship given,

which is of the same form as u, but with k£ +1 replacing k. Hence, if the result is true for

21+l_1
n=k, itis true for n=k+1. Butwhen k=1, u, = P

result is true for all positive integers n >1 by induction.

=3 as given. Therefore the
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Example 3.4.2 — application to divisibility

Prove by induction that if  is a positive integer, 3*" +7 is divisible by 8.

The best approach is a little different to that used so far.

Assume that the result is true for n = &k, in other words that
3%k 17 is divisible by 8.

When n =k +1 the expression is 3250 17 Consider 3°**) +7 —(32k + 7) , the difference

between the values when n =k and n =k +1. This expression is equal to 32*+) —32
_ 32k+2 _ 32k
_ (32k X32)_32k
=3%(3-1)
= 8x3°F,
Thus, if 3% +7 is divisible by 8, and clearly 8x3** is divisible by 8, it follows that

32051 4 7 is also divisible by 8. In other words, if the result is true for n = £, it is true for

n=k+1. Butfor n=1, 3*+7=16 and is divisible by 8. Hence, 3*" +7 is divisible by 8
for all positive integers n by induction.

Example 3.4.3 — application to de Moivre’s theorem for positive integers.

Prove by induction that for integers n>1, (cos@+isin®)" = cosn® +isin né.

Assume that the result is true for n =k, that is to say

(cosé’ +1sin Q)k =cos k@ +1sin k6.

Multiplying both sides by cosé +isiné,

(cos@+isin H)k (cos@+isin@) = (coskf +isink)(cosd +isin8)
(cosH +1sin 9)k+l = cos k6 cos @ +isin k@ cos @ +isin & cos kO +i” sin kO sin &
= (cos k@ cos @ —sin k@sin @) +i(sin k@ cos & + cos k'sin &)
=cos(k+1)@+isin(k+1)#,
which is of the same form but with k£ +1 replacing k. Hence, if the result is true for n =k it is

true for n=k+1. Butwhen k=1, (cos @ +isin (9)l =cos@+isind. Therefore the result is

true for all positive integers n by induction.
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Exercise 3C

1. Prove the following results by the method of induction — in all examples 7 is a positive
integer:

(a) n’—n is divisible by 6.
(b) 12" +2x5"" is divisible by 7. [Hint: consider f(n+1)—5f(n) where
f(n)=12"+2x5""]

(c) %(x” ) =nx""'. [Hint: use the formula for differentiating a product]

(d) x"—1 is divisible by x—1.
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Miscellaneous exercises 3

) ) 1 1 1
1. Use the identit ==—
y r(r—i—l) ro r+l
to show that Z 1 =
- r(r+1) n+1
[AQA June 1999]
2. (a) Use the identity 4 =r* (r+ 1)2 —(r —1)2 r?
to show that 241”3 =n® (n + 1)2 .
r=l1
(b) Hence find Z2r(2r2 + 1),
r=I1

giving your answer as a product of three factors in terms of n.
[AQA June 2000]

3. Prove by induction that

13
erx3 =3 (2n-),

[AQA March 1999]

4. Prove by induction, or otherwise, that

n

Z(rxr!):(n+l)!—1.

r=l1

[NEAB June 1998]

5. Prove by induction that for all integers n>0, 7"+2 is divisible by 3.
[AQA Specimen]

6. Use mathematical induction to prove that

Z(r—l)(3r—2) =n’ (n—l)
r=1
for all positive integers 7.
[AEB June 1997]
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7. A sequence u;,u,, iy, 1s defined by

u =2,
u, =2 1 nx1.
n+l u, H =
Prove by induction that for all n>1,
_n+l
u, = )
n
[AQA June 1999]
2r—1 2r+1 2

8. Verify the identity - =

r(r—l) r(r+1) (r—l)(r—i—l)'

Hence, using the method of differences, prove that

Z 2 _3__2n+l
— (r=1)(r+1) 2 n(n+1)
[AEB January 1998]

9. The function fis defined for all non-negative integers » by
f(r):r2 +r—1.

(a) Verify that f (r) -f (r - 1) = Ar for some integer 4, stating the value of 4.

(b) Hence, using the method of differences, prove that

n

Zr :%(n2 +n).

r=1

[AEB January 2000]

10. For some value of the constant A4,

3r-2 _4__ 3n+2
;r(r+1)(r+2) )2y

(a) By setting n =1, or otherwise, determine the value of 4.

(b) Use mathematical induction to prove the result for all positive integers 7.

(¢) Deduce the sum of the infinite series
1 4 7 3n—-2
1x2x3 " 2x3x4  3xdx5 " u(nat)(n+2) "

[AEB June 2000]
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Chapter 4: De Moivre’s Theorem and its Applications

4.1

4.2

43

44

4.5

4.6

4.7

De Moivre’s theorem

Using de Moivre’s theorem to evaluate powers of complex numbers
Application of de Moivre’s theorem in establishing trigonometric identities
Exponential form of a complex number

The cube roots of unity

The nth roots of unity

The roots of z" =, where « is a non-real number

This chapter introduces de Moivre’s theorem and many of its applications. When you have
completed it, you will:

know the basic theorem;

be able to find shorter ways of working out powers of complex numbers;
discover alternative methods for establishing some trigonometric identities;
know a new way of expressing complex numbers;

know how to work out the nth roots of unity and, in particular, the cube roots;
be able to solve certain types of polynomial equations.
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4.1 De Moivre’s theorem
In Chapter 3 (section 3.4), you saw a very important result known as de Moivre’s theorem. It
was proved by induction that, if # is a positive integer, then

(cos@+isin®)" = cosnd +isin né.

De Moivre’s theorem holds not only when # is a positive integer, but also when it is negative
and even when it is fractional.

Let n be a negative integer and suppose n =—k. Then k is a positive integer and
(cos@+isin®)" =(cos@+isin 49)71(
1
(cos@+isin H)k

_ 1
~ cosk@+isink@’

Some of the results obtained in Chapter 1 can now be put to use. In order to remove i from
the denominator of the expression above, the numerator and denominator are multiplied by
the complex conjugate of the denominator, in this case cos k€ —isin k6. Thus,

1 _ 1 y cos k@ —isin k@
cosk@+isink@ coskf+isink@ coskd —isinkl
_ cos k@ —isin k6
cos® k6 +isin k@ cos k@ —isin k@ cos k@ —i* sin® k6
_ _Ccosk@—isinkd
cos” k@ +sin® kO
=cos k@ —isin kO
=cos(—k0)+isin(—k6)

=cosné +1isinnb, as required.

If n is a fraction, say g where p and ¢ are integers, then
q
.. 6 .. po
(COS£9+ISIHEGJ ZCOSp—q+ISIIlp—q [g is an integer]
q q q q
= cos pf +1sin pb.

But p is also an integer and so

cos pf +isin pl = (cos@ + isinH)p .
Taking the ¢™ root of both sides,
P
q

cos§9+isin§6’ =(cos<9+isin0)
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It is important to point out at this stage that cosgﬁ +isin§ @ is just one value of

Qs

(cosH +1sin 0) . A simple example will illustrate this. If @ =n, p=1and g =2, then

1
(cosn+isinn)2 =cosin+isinim
=1

1

But (cosm+isinm)’ = J-1 (cosm=—1andsinm=0) and J=1=+i. Soi is only one value

1 P
of (cosm+isinm)>. There are, in fact, ¢ different values of (cosm+isinm)s and this will be

shown in section 4.6.

(cos@ +1sin 6’)” = cos nf +1sin nd

for positive and negative integers, and fractional values of n

55



MFP2 Textbook— A-level Further Mathematics — 6360

4.2  Using de Moivre’s theorem to evaluate powers of complex numbers

One very important application of de Moivre’s theorem is in the addition of complex numbers

of the form (a + ib)n . The method for doing this will be illustrated through examples.

Example 4.2.1
T n)
Simplify (cosgﬂsmg) .

It would, of course, be possible to multiply cos%+ i sin% by itself three times, but this would
be laborious and time consuming — even more so had the power been greater than 3. Instead,
3
(cos%ﬂsin%) = cos%ﬂsin‘%

=cosE +isin X
2 2

=0+1

=1.
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Example 4.2.2

Find (3 +i)  in the form @+ ib.
(

Clearly it would not be practical to multiply (\/5 + i) by itself ten times. De Moivre’s

theorem could provide an alternative method but it can be used only for complex numbers in
the form cos@+isin®, and /3 +i is not in this form. A technique introduced in Chapter 1
(section 1.4) can be used to express it in polar form.#

y
On an Argand diagram, V3+iis represented by the \E ,
+1

point whose Cartesian coordinates are (\/5 , 1).

Now, r = \/§2+12=2 and tan19=L so that 9 =L, L ;1
V3 6 '

Thus, \/§+i = 2(cos£+isin£) 0
6 6 10 \/’
10 10 3
and (\/g + 1) = 210 (COSE +1 sinE) [note that 2 is raised to the power 10 as well]
6 6
=2 (cos—lg7t +isin—12n)
_ 1004 L_i3
= 1024(2 5 J

=512(1—1J§).
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Example 4.2.3

3
. . T .. T
Simplify (cos6 1sm6) .

De Moivre’s theorem applies only to expressions in the form cosé +isiné and not
cos@ —isin @, so the expression to be simplified must be written in the form

TT .. T
COS( 6)+ISIH( 6)
T T 3 T T 3
(cosg—lslng) :[cos(—g)ﬂsm(—gﬂ

T . T
=COS—~ —1sin—
2 2

=-1.

Note that it is apparent from this example that (cos9 —isin 9)” =cosnf —isinnd. Itis very

important to realise that this is a deduction from de Moivre’s theorem and it must not be
quoted as the theorem.
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Example 4.2.4

Find S S in the form a +1b. y

(-2+243 1)3 ( f)
-2,23 )¢
'

The complex number -2+ 2431 is represented

XN

P,

by the point whose Cartesian coordinates are

(0]
(—2, 243 ) on the Argand diagram shown here.
2 2 23 2n
Hence, r=,/(-2) +(2\/§) =16 =4, and tanf = —tanar = —== 50 that @ =5 Thus
-3
L (2a4)
(-2+243i)
= 4(c052—n+isin2—n) K
3 3
=47 [cos(—3x2%) +isin(—3 x%—n)}
:é[cos(—2n)+isin(—2n)]
1
:a(l'i'())
_ 1
64"
Exercise 4A
1. Prove that (cos@—isin@)n = cosnf —isin nb.
2. Express each of the following in the form a+ib:
10 2
.. 5 T . . T T, 6 .. T
(a) (cos39+1s1n 36’) (b) (cosg+1sm§) (©) (cosz+1s1nz)
d) (1+i)° (©) (2-2i)' 6 —L

(1+\/§i)5
(@ (V3+3i)
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4.3  Application of de Moivre’s theorem in establishing trigonometric
identities

One way of showing how these identities can be derived is to use examples. The same
principles are used whichever identity is required.

Example 4.3.1

Show that cos38 = 4cos’ € —3cos.

There are several ways of establishing this result. The expansion of cos(A + B) can be used

to express cos 26 in terms of cosé setting A =6 and B =6. Similarly, the expansion of
cos(29 + 6’) can be used to give cos36 in terms of cosé. Using de Moivre’s theorem gives

a straightforward alternative method.

cos 36 +isin360 = (cos @ +isin 0)3
=cos’ 0 + 3 cos? O (isin@)+3cosf(isin 9)2 +(isin 9)3
[using the binomial expansion of ( p+ q)s]

=cos’ 0 +3icos’ @sin@—3cosOsin’ @ —isin> 9
I:using i‘ = —1:|.

Now cos 38 is the real part of the left-hand side of the equation, and the real parts of both
sides can be equated,

cos 36 =cos® O —3cosPsin> O

=cos’ @ —30059(1 —cos’ 9) [since cos” @ +sin’ @ = 1}
:400536—3c056’.

Note that this equation will also give sin36 by equating the imaginary parts of both sides of
the equation.
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Example 4.3.2

Express tan46 in terms of tané.

sin 46
cos 40
established to start with. Using de Moivre’s theorem,

tan 460 = so expressions for sin46 and cos46 in terms of siné and cos& must be

cos46 +isin46 = (cosf +isin 9)4
=cos" @ +4cos’ 9(isin@)+6cos” O (isin 9)2 +4cos@(isin 6)3 +(isin 6)4
[using the binomial expansion |
=cos” 6 +4icos’ @sin@ —6cos’ Osin® @ —4icosOsin® @ +sin* 6

using i’ =-1
I ]

Equating the real parts on both sides of the equation,
cos46 = cos* @ —6¢cos® @sin’ O +sin’ 6,
and equating the imaginary parts,
sin46 = 4 cos® @sin @ — 4 cosPsin’ 6.

sin 46
cos46

_ 4cos’ @sin @ —4cosBsin’ @
cos* 6 —6cos® sin® @ +sin* 0

Now, tan 460 =

Dividing every term by cos® @ gives
sin@ _ ,sin’ @
cosd COS3 12

tan 46 = — .
|—6Sin 6+s1n %
cos’ 0 cos*O
But tan @ = sin & SO
cos@
3
tan 40 = 4tan@d—4tan” 0

1-6tan’@+tan* 9

61



MFP2 Textbook— A-level Further Mathematics — 6360

Exercise 4B

1. Express sin36 in terms of sin 6.
2. Express tan 36 in terms of tané.

3. Express sin56 in terms of sin 6.

4. Show that cos66 =232cos®@—48cos* @+18cos’>O—1.
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So far sinné, cosnf and tan nf have been expressed in terms of sin#, cosd and tand. De
Moivre’s theorem can be used to express powers of sin @, cosd and tan@ in terms of sines,
cosines and tangents of multiple angles. First some important results must be established.

Suppose z =cos@ +sinif. Then

_1_1_ .. -1
z7 = =(cos@+isin8)

=cos(—0)+isin(-6)
=cos@ —1sinéb.
So, z=cos@+isind

l=c0s0—isin9.
z

Adding, z+—=2cos0,

and subtracting, z——=2isin6.

N = N

If z=cos@+isind
1 2cosd

Z4+—=
z

z—l:2isin6’
z

Also, z" =(cos @ +isin )" = cosnf +isin nd
1

=== (cos@—isin 0)_n
z

= cos(—nB)+isin(-nb)

= cos nf —1isin né.

Combining z" and Ln as before,
z

1
z" +——=2cosnd,
4

2" — L 2isinno.

Z}’l

If z=cosf@+1sin0,

z" +Ln=2cosn9
z

1 ..
z" ——n:2lsmn9
zZ

A common mistake is to omit the i in 2isinzn6, so make a point of remembering this result
carefully.
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Example 4.3.3
Show that cos’ @ = %(00559+5005 39+100059).
Suppose z=cos@+1sind.
Then z+%=2cos€
5 1 3
and (2cos0) :(Z+E)

:Zs+524(g)+1023(%)2+loz2(%)3+52(%)“+(g)5

== 52210z 10( (1) (1)
st 243 o2 o ol

|l sl ol (2]

Using the results established earlier,
z° +L5 =2co0s50,

z
z +L3= 2cos 36,
z
+l: 2cosdb.
z
Hence 32cos50 = 200356’+5(2cos30)+10(2c0s6’)

cos’ 0 = 16(cos 56 +5cos36 +10cos 9) as required.

One very useful application of the example above would be in integrating cos’ 6.

Jcoss 6= J.%(cos50+5cos3¢9+1000s0)

=16 {( 51r1550 42 512 30 +10sin 9)} +c, where c is an arbitrary constant.

Example 4.3.4

(a) Show that cos’ @sin’ 6 = %(3 sin 26 —sin 69)

(b) Evaluate J.icos3 @sin’ 0 do.
0
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(@) (2cosl9)3 :(z+%)3

Multiplying these,
3 3
8cos® 0 8i*sin® 0 = (z+l) (Z_l)
z z
1 1\ T
—64i cos® @sin’® 0 (z +—)(z —_)}
z z

Now z° —Lé =2isin60 and z* —% = 2isin 26.
z z
Thus, —64icos’ Osin’ O = 2isin 60 —3(2isin 26)
= 2isin 66 — 61sin 26.
Dividing both sides by —64i,

cos® @sin’ 9 = —Lsm60+ism20

32 32
=35 (3 sin20 —sin66),  as required.

(b) J.Ecos3 @sin’ 0 —%J.E 3sin26’—sin 60)do
0

[SIE]

[ 3 cos 2(9 coS 66’}

{ :

0

]

_12'

$|_‘ w|_‘ l\)|’_‘
w|oo W

This section concludes with an example which uses the ideas introduced here and extends into
other areas of mathematics.
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Example 4.3.5
(a) Show that cos56 = (:059(160054 0—-20cos” 0 + 5).

(b) Show that the roots of the equation 16x* —20x+5=0 are cos% forr=1,3,7and9.

(c) Deduce that cos? X cos? 3n_ 35

10 10 16

Using the ideas introduced at the beginning of this section,
cos 560 +isin 56 = (cos & +isir19)5 .
Using the binomial theorem for expansion, the right-hand side of this equation becomes
cos’ @+5cos* O(isin@)+10cos’ O (isin 6?)2 +10cos” O (isin 6?)3 +5cosf(isin 6’)4 +(isin 6?)5 .

Not every term of this expression has to be simplified. As cos5@ is the real part of the
left-hand side of the equation, it equates to the real part of the right-hand side. The real
part of the right-hand side of the equation comprises those terms with even powers if i in

them, since i =—1 and is real.
Thus, cos56 = cos’ 6 +10cos’ @ (isin 6’)2 +5cosd(isin 6’)4

=cos’ @ +10cos’ 0<—sin2 9)+500$0$in4 0

=c0556’+10c0s39<—1+c052 9)+500s9(1—c0s2 0)2 using cos’ @ +sin’ @ =1
=cos’ @—10cos” @ +10cos’ @ +5cos@—10cos’ & +5cos” 0
=16cos’ @—20cos’ @ +5cosd
:cosﬁ(16cos46—2000s26+5).
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Now when cos 56 =0, either cos@ =0 or 16cos* @ —20cos> @ +5=0. So, putting

x =cosd, the roots of 16x* —20x+5=0 are the values of cos@ for which cos56 =0,

provided cos @ # 0.

But if cos50 =0 59=1,3n, 5% Tn On lln Dz .

so that 0=10"70"10"10° 10" 10 " 10"

On 131 . n
0 and cosw is the same as cosﬁ, so that,

although there is an infinite number of values of @, there are only five distinct values of

Also, cos% 1s the same as cos=——

o 3n Sn n 9
cos# and these are cosloa cos 10 > COS T > COS 0 and cos = 0"
Now cos% = cosi 0and & > is, of course, a root of cos@ =0, so that the roots of the
: _ T 3n I o
equation 16x* —20x+5=0 are cos 10 ,C08 (2 COS g and cos =+ 0
The roots may be written in a slightly different way as
Tn_ [, 3n
c0S 15 cos(n 10)
=—C0S 3 ,
10
and cos9—n— cos(n—g—n)
10 10
=— cosm
Thus the four roots of the quartic equation16x* —20x+5 =0 can be written as + cos%
3n
+
and tcos=— 0

From the ideas set out in Chapter 2 (section 2.7), the product of the roots of the quartic
equation 16x* —20x+5=0 is S so that

16
3n 3n 5
COSIO( COSIO)COSIO( COSIO)_16'
2 T 23n_ 5
And hence, cos 10cos 10°-16
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Exercise 4C

1. If z=cos@+isind write, in terms of z:
(a) cos4d (b) cos76 (c) sin6d (d) sin36

2. Prove the following results:
(a) cos40 =8cos"O—8cos? O +1

(b) sin50 =16sin> @ —20sin> @+ 5sin 0
(c) sin6d = sin9(32 cos’ @ —32cos’ 0 +6cos 6’)

1-3tan’ 6
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4.4  Exponential form of a complex number

Both cos@ and sin@ can be expressed as an infinite series in powers of €, provided that € is
measured in radians. These are given by

_ 02,6 6 e 07
cosd =0 2!+4! 6!+...( 1)) (2n—2)!+m
. B 93 65 97 el 921’171
and Sln9—9—§+§—i+...(—l) m-'-
There is also a series for e* given by
2 3 4 n-1
X X X X X
e _1+x+2!+3!+4!+...+(n_1)!+...
If 10 is substituted for x in the series for e*,
- A\2 - A3 -4 AN
0 _q,:0, 000 (i0) (i0) (i9)
e’ =1+10+ oottt +"'+(n—1)!+"'
1. 0 _i0° 6
—1+19—7—T+$+
; io_,_ 0> 0 N
Regrouping, e _1_54_?_...4_1(9_?4_...]’

and, using the previous results for siné and cosé,
e’ =cosf+isind.

It is also important to note that if z =cos@ +1siné, then

z" = (cos @ +isin 9)"

= cos n@ +1isin nd

and if z =r(c0s<9+isin9), then z =re'? and z" = r"e"?.

If z=r(cos@+isind),

then z = re'?

and z" = r"e"?
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The form re'’ is known as the exponential form of a complex number and is clearly linked to

the polar form very closely.

Another result can be derived from the exponential form of a complex number:

e'? = cos@ +isind.
So, e ¥ = cos(—9)+isin(—9)

=cosf —1isind.

Adding these
e’ +¢7’ =(cos@ +isin@)+(cos@ —isin )
=2co0sb,
o | -0
_e’+e
or cosd R
Subtracting gives el —e = (cosé’ +1sin 9)—(0059 —isin 0)
=2isind,
0 _-io
or sin@ :%.
i0 -0
_e +e
cosf = >
i0 -0
.5 € —¢
sind = 2
Example 4.4.1

Express 2—2i in the form re'.

The complex number 2 —2i is represented by the point with
the coordinates (2,-2) on an Argand diagram.

Hence, r=4/2? +(—2)2 =48,

and Hz—tan_lgz—%,
so that 2— 2i=\/§ e 4.
Exercise 4D

1. Express the following in the form re'? :

(a) 1+i b) V3-i (c) 3++/3i (d) —2/3+2i
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4.5 The cube roots of unity

The cube roots of 1 are numbers such that when they are cubed their value is 1. They must,
therefore, satisfy the equation z* —1=0. Clearly, one root of z* —1 is z=1 so that z—1 must
be a factor of z° —1. Factorising,

2 -1 :(z—l)(z2 +z+1) =0.

Now z° —1=0 is a cubic equation and so has three roots, one of which is z=1. The other
two come from the quadratic equation z> +z+1=0. If one of these is denoted by w, then w
satisfies z> +z+1=0 so that w> + w+1=0. It can also be shown that if w is a root of z° =1,

then w? is also a root — in fact, the other root. Substituting w” into the left-hand side of

3 2
z* =1 gives (wz) =u° =(W3) =1* =1, as w’ =1 since w is a solution of z* =1.

Thus the three cube roots of 1 are 1, w and wz, where w and w? are non-real. Of course, w

can be expressed in the form a +ib by solving z* +z+1= 0 using the quadratic formula:

—1£ 17 —(4x1x1)

2

_-1£4-3
2

_—1+i3
5

z =

It doesn’t matter whether w is labelled as # or as # because each is the square
of the other. In other words, if w= # then

v o(5B

_1—2ix/§+(i\/§)2

4
1-2i3-3
4
2-2i3
4

-3
ke

If W:ﬂ’ then W2 :M

2 2

The cube roots of unity are 1, w and w?, where
3
w =1

l+w+w? =0

“1+i3

and the non-real roots are —
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Both w and w? can be expressed in exponential (_ 13 ) Y
_ 1,13, 22
form. Take w= —5 TS wean be represented '
by the point whose Cartesian coordinates are : r
1 3 . V3
——=,-~— | on an Argand diagram. 2! 0
272 " a \
o
1 0
2
From the diagram, r = (g} +(%) =1, and @ =n—a, where tana = IA = \/g Thus,
2
o) 2ni 2mi Ani
a =%, 0 =Tn and w=e¢ 3 . The other root is w* = [e 3 j =¢ 3 and can also be written as
2mi
e 3.
y

Plotting the three cube roots of unity on an
Argand diagram shows three points equally
spaced (at intervals of 27" ) round a circle of

radius 1 as shown in the diagram alongside.

Example 4.5.1

Simplify w’ +w®, where w is a complex cube root of 1.

7 6 3)2 2 ;
w=wxw=|w )] xw=1"xw=w (becausew :1),

2
2 2 2 2 2
W8—W6XW —(W3) xw =1"xw =w".

.'.W7+W8=W+W2=—1 (becausel+w+w2=0).
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Example 4.5.2

Show that 1 + 1 + 1 =0.

I+w 1+w w+w

l+w+w? =0 so 1+ w=—w? , and so on. So the denominators of the left-hand side of the

1 1 1
+—+—.

equation can be replaced to simplify to

Multiplying the first term of this expression by w in the numerator and denominator, and the
second term by w? similarly gives
2
L3 + W_3 -1
4 —Ww

Z—W—W2—1 (aswszl)

=0 (as1+w+w2=0).

Exercise 4E

1. If wis a complex cube root of 1, find the value of

@) w+w'! (b) (1+3w)(1+3w?) © (1+3w+w?)
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4.6  The nth roots of unity

The equation z" =1 clearly has at least one root, namely z =1, but it actually has many more,

most of which (if not all) are complex. In fact, if n is odd z =1 is the only real root, but if 7 is
even z =—1 is also a real root because —1 raised to an even power is +1.

To find the remaining roots, the right-hand side of the equation z" =1 has to be examined. In
0 2mi

exponential form, 1= e’ because €’ =cos0+isin0=1+i0=1. Butalso, 1=¢e>™ because
e’™ =cos2m+isin2n=1+i0=1. Indeed 1=e*™ where k is any integer. Substituting the
right-hand side of the equation z" =1 by this term gives z" = ¢*™. Taking the nth root of

2heni
both sides gives z=¢ " . Different integer values of k& will give rise to different roots, as

shown below.

k=0 gives e’ =1,

2m 2n 2n
k=1 gives e " =cos==+isin==,
n n

4m 4n 4n
k=2 gives e " =cos—+isin—,
n n

and so on until

2(n—1)ni 2(71 _ l)TC

. . 2(n—1)7t
k=n-1 gives e " =cos p +1isin .

2kni
Thus, z=¢ n=0,1,2,---,n—1 gives the n distinct roots of the equation z" =1.

2 nmi

There are no more roots because if & is set equal ton, e 7 =e¢?

M = cos2m+isin2m =1,
which is the same root as that given by &k =0.

Awelni - ppmi 2mi 2 2n  2mi
Similarly, if kis setequalto n+1, ¢ 7 =e " xe” =e"xe”"” =Ixe” =e¢” whichis

the same root as that given by k£ =1, and so on.

The n roots of z" =1 can be illustrated on an
Argand diagram. All the roots lie on the circle

|z| =1 because the modulus of every root is 1.

Also, the amplitudes of the complex numbers
representing the roots are

2(n-1
2n , 4—n, @, ,M In other words, the
n’n’n n
roots are represented by » points equally spaced

around the unit circle at angles of 2n starting at
n

(1,0) — the point representing the real root z =1.

The equation z" =1 has roots
2
z=e¢ " k:0,1,2,---,(n—1)
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Example 4.6.1

Find, in the form a +1b, the roots of the equation z® =1 and illustrate these roots on an
Argand diagram.

Therefore z=¢ 0

Hence the roots are

k=0, z=1
_ S —cosEaisin® ol iV3
k=1, z=e cos3+1s1n3 2+ >
2mi .
=3 2n . . 21 1 1\/§
= = 3 = — = =4 Y=
k=2, z=e cos 3 +1sin 3 2+ >
k=3, z=e" =cosm+isinm=—1
4zi .
3 4 . . 4m 1 1\/§
= = 3 = _— —_——=——— y
k=4, z=e cos 3 +1isin 3 7T
Smi
k=35, z=¢3 :coss—n—i-isins—n—l—

3 32
To summarise, the six roots are

z=%1, z= and these are illustrated on

L1403
22

the Argand diagram alongside.

Two further points are worth noting. Firstly, you may need to give the arguments of the roots
between —m and + 7 instead of between 0 and 2n. In example 4.6.1, the roots would be

ki
givenas z=¢ 3 for k=0,%1,£2,3. Secondly, a given equation may not involve unity — for
example, if example 4.6.1 had concerned z° = 64, the solution would have been written

=64

26 — 96 G2k

2hemi
z=2e ¢ k=0,1,2,3,4,5

and the only difference would be that the modulus of each root would be 2 instead of 1, with
the consequence that the six roots of z® = 64 would lie on the circle |z| =2 instead of |z| =1.
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Of course, there are variations on the above results. For example, you may need to find the

roots of the equation 1+ z+z> +z° +z* + 2> = 0. This looks daunting but if you can
recognise the left-hand side as a geometric progression with common ratio z, it becomes more
straightforward. Summing the left-hand side of the equation,

6
z°—1
l+z+22 42 +2%+2° = =0,
z—1
so that the five roots of 1+z+z> +2z° +z*+2° =0 are five of the roots of z® —1=0. The
6
z0—1

root to be excluded is the root z =1 because 1s indeterminate when z =1. So the roots

——
i3
2

1
of l4z+2°+22+z*+2° =0 are z= i%i and —1, when written in the form a +1b.
Exercise 4F

1. Write, in the form a +1b, the roots of:
(@ z'=1 (b) 2°=32 (¢) =1

In each case, show the roots on an Argand diagram.
2. Solve the equation z* +z° + 2> +z+1=0,

3. Solve the equation 1—2z+4z> —8z° =0.

4. By considering the roots of z° =1, show that cosﬁ + cosﬂ + cos6—n+ cosg—n =—1.

5 5 5 5
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4.7 The roots of z’=a where « is a non-real number

Every complex number of the form a +ib can be written in the form re¢'?, where r is real and
@ lies in an interval of 2x (usually from 0 to 2n or from —m to +m). Suppose that

a=re’.
Now elf+2m _ o0 o 2 (using Pt = P Xeq)
=’ (because ™™ = 1).
Similarly e 02 — il g2
=¢'? also.
SO, " = o= reu9+2km
and, taking the nth root of both sides,
1 (i6+2kni)
z=r"e "
1 i(6+2kn)
=r"e " k:O,1,2,3,---,(n—1). § (oum)

These roots can be illustrated on an Argand
1
diagram as before. All lie on the circle |z| =r"

and are equally spaced around the circle at
10
intervals of 277[ When £=0, z=r"e” and this

could be taken as the starting point for the

intervals of 2—7[
n

The equation z" = &, where o = re'?,
1 i(6+2km)
has roots z=r"e ” k=0,1,2,---,(n—1)
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Example 4.7.1

Find the three roots of the equation z° = 2+ 2i.

First, 2+ 21 must be expressed in exponential
form.

From the diagram alongside,

r=v22+22 =\/8_, tand =1, and 9=%.

i

242i=+/8¢c*4.

A \/ge(%i+2kni) |

So,

Hence,

Taking the cube root of each side,
1%&21@
z=+2e 3

-2e 12 k=0,1,2.

So the roots are

T

k=0, z=\/§eﬁ

oni
k=1, z=+2el2
k=2, z=

The roots can also be written \/5 (cosl +1sin

12
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%) when £ =0, and so on.

This chapter closes with one further example of the use of the principles discussed.

Example 4.7.2

Solve the equation (z+ 1)5 = 7> giving your answers in the form a +ib.

At first sight, it is tempting to use the binomial expansion on (z + 1)5 but this generates a

quartic equation (the terms in z° cancel) which would be difficult to solve. Instead, because

¢**™ =1, the equation can be written as

(z + 1)5 =g ;3
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Taking the fifth root of each side,
2kmi

z+1l=e?’ z k=123, 4.
Note that £ =0 is excluded because this would give z+1=z, and in any case as the equation
is really a quartic equation it will have only four roots.

Solving the equation for z,

2kmi
122(65 —lj k=1,2,3,4

or z=

2kmi
The next step is new to this section and is well worth remembering. The term e ° can be

written as cos% +1 sin% making the denominator have the form p+ig. The numerator

and denominator of the right-hand side of the equation can then be multiplied by p —ig to
remove i from the denominator. As p would then equal cos% —1 and g would equal

sin% , this would be a rather cumbersome method. Instead, the numerator and

ki
denominator of the right-hand side of the equation are multiplied by e > (for reasons which
will be apparent later).

Thus, z=

So

(M,@) _kmi
ese 5 —e 5
_kmi
e 5
ki i
eS_e 5
i0 -i6 kmi ki

But % =sin® sothate 5 —e 5 =2i sin% and so,
i

cos(—"‘“)+isin(_k“)

5 5
.. km
21sin 5

1 1. (@) k=1,2,3,4 as required
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Exercise 4G

1. Solve the following equations:
(a) z*=16i (b) 22 =1-i (c) 28 =1-31

) 22=-1 @ (z+1)" =8i 0 (z-1) =2°
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Miscellaneous exercises 4

1. (a) Write down the modulus and argument of the complex number —64.

(b) Hence solve the equation z* +64 =0 giving your answers in the form
r(cos@+ising), where r>0and —n<f<m.

(c) Express each of these four roots in the form a +1b and show, with the aid of a
diagram, that the points in the complex plane which represent them form the vertices
of a square.

[AEB June 1996]

2. (a) Express each of the complex numbers
1+i and 3-i

in the form r(c0s9+isin6), where r>0and —t< 0 <m.

(b) Using your answers to part (a),

@:_1+£i
S,

(i) show that
(1+ i)10 2

(ii) solve the equation 2= (1 + 1)(\/5 —i)
giving your answers in the form a +1b, where a and b are real numbers to be

determined
to two decimal places.

[AQA June 2001]

3. (a) By considering z =cos@ +isin# and using de Moivre’s theorem, show that

sin 50 = sin9<16sin4 6 —20sin> t9+5).

(b) Find the exact values of the solutions of the equation
16x* —20x* +5=0.

(c) Deduce the exact values of sin% and sinz—;, explaining clearly the reasons for your
answers.
[AQA January 2002]
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4. (a) Show that the non-real cube roots of unity satisfy the equation

22 4+z4+1=0.

(b) The real number a satisfies the equation

| SR

1
b
a-w+0’ at+tw-w® 2

where @ is one of the non-real cube roots of unity. Find the possible values of a.
[AQA June 2000]

fus}

5. (a) Verify that z =1+ es

is a root of the equation (z— 1)5 =-—1.

(b) Find the other four roots of the equation.

(¢) Mark on an Argand diagram the points corresponding to the five roots of the equation.
Show that these roots lie on a circle, and state the centre and radius of the circle.

(d) By considering the Argand diagram, find

(1) argz interms of m,

(i1) |zl| in the form acosZ, where a and b are integers to be determined.

[AQA Specimen]

2mi

6. (a) (i) Show that w=e 5 is one of the fifth roots of unity.

(ii) Show that the other fifth roots of unity are 1, w*, w® and w*.

2mi

(b) Let p=w+w" andg=w*+w’, wherew=e 5 .
(1) Show that p+g=-1 and pg=-1.

(i1)) Write down the quadratic equation, with integer coefficients, whose roots are p
and q.

(ii1) Express p and g as integer multiples of cosz?7T and cos%, respectively,

(iv) Hence obtain the values of cos2,5—7I and coség_—7I in surd form.

[NEAB June 1998]
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7. (a) (i) Use de Moivre’s theorem to show that if z =cos@ +isiné, then

n

z +L=2cosn9.
Z}’l

(i) Write down the corresponding result for z” —L.

ot -2 2)

where A4 and B are numbers to be determined.

(b) (i) Show that

(i) By substituting z =cos@+isiné in the above identity, deduce that

3903 1 . .
cos @sin 0:3—2(3sm29—sm60).

[AQA June 2000]

i _io
8. (a) (i) Express ¢? —e ? interms of sin%

(i1) Hence, or otherwise, show that

ﬁ:—%—%cotg, (eia ;tl).

(b) Derive expressions, in the form ¢'’ where —n < @ <, for the four non-real roots of

the equation z° =1.

6
. w+l) _ *
(c) The equation (—W ) 1 ( )

has one real root and four non-real roots.
(1) Explain why the equation has only five roots in all.
(i1) Find the real root.
(i11) Show that the non-real roots are
1 1 1 1

z-1" z,-1" z-1" z,-1’

where z,, z,, z; and z, are the non-real roots of the equation z° =1.

(iv) Deduce that the points in an Argand diagram that represents the roots of
equation (*) lie on a straight line.
[AQA March 2000]
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9. (a) Express the complex number 2+2i in the form re'’, where >0 and —n <6 <.

(b) Show that one of the roots of the equation
2 =2+2i

T

is v/2 ¢'2, and find the other two roots giving your answers in the formre'?, where r
isasurdand -t <@ < 7.

(¢) Indicate on an Argand diagram points 4, B and C corresponding to the three roots
found in part (b).

(d) Find the area of the triangle ABC, giving your answer in surd form.

(e) The point P lies on the circle through 4, B and C. Denoting by w, &,  and y the
complex numbers represented by P, 4, B and C, respectively, show that

(w=a) +(w=p)" +(w-r)|=6.
[AQA June 1999]
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Chapter 5: Inverse Trigonometrical Functions

5.1

5.2

53

54

5.5

Introduction and revision

The derivatives of standard inverse trigonometrical functions
Applications to more complex differentiation

Standard integrals integrating to inverse trigonometrical functions

Applications to more complex integrals

This chapter revises and extends work on inverse trigonometrical functions. When you have
studied it, you will:

be able to recognise the derivatives of standard inverse trigonometrical functions;

be able to extend techniques already familiar to you to differentiate more complicated
expressions;

be able to recognise algebraic expressions which integrate to standard integrals;

be able to rewrite more complicated expressions in a form that can be reduced to standard
integrals.
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5.1 Introduction and revision

You should have already met the inverse trigonometrical functions when you were studying
the A2 specification module Core 3. However, in order to present a clear picture, and for the
sake of completeness some revision is included in this section.

If y=sinx, we write x=sin"'y (or arcsin y). Note that sin”' y is not cosec y which would

normally be written as (sin y)”' when expressed in terms of sine.

The use of the superscript -1 is merely the convention we use to denote an inverse in the same
way as we say that £~ is the inverse of the function f. The sketch of y =sinx will be
familiar to you and is shown below.

N\ ) 7

For any given value of x there is only one corresponding value of y, but for any given value

of y there are infinitely many values of x. The graph of y =sin™' x being the inverse, is the
reflection of y =sinx in the line y = x and a sketch of it is as shown.

y'/
2

As it stands, for a given value of x, y =sin"' x has infinitely many values, but if we wish to

1

describe sin~ x as a function, we must make sure that the function has precisely one value.

In order to overcome this obstacle, we restrict the range of y to —% <y S% so that the

1

sketch of y =sin~ x becomes the sketch shown.
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By doing this, we ensure that for any given value of x there is a unique value of y for which

y =sin"' x. This value is usually called the principal value.

1 1 | . ..
sin”! x is the angle between 5T and ke inclusive whose sine is x.

Notice that the gradient of y =sin™' x is always greater than zero.

"x in a similar way but with an important difference. The sketches of

yl
3n
2
Jr_
y=cosx
T
: 2

We can define cos™
-1
y=cosx and y=cos  x are shown below.

S|

|
NS
=
SIS
G
)
Sh
[§®]
=
NP4
v

o\
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In this case, it would not be sensible to restrict y to values between —% and % since for

every value of x>0 there would be two values of y and for values of x <0 there would be
no value of y. Instead we choose the range 0 < x <7 and the sketch is as shown.
ylk

z
2 \
1 L

0 i X

cos! x is the angle between 0 and © inclusive whose cosine is x.

When it comes to tan~' x we can restrict the range to —% and %

tan”' x is the angle between —g and +% exclusive whose tangent is x.

The sketch of y =tan™" x is shown below.

Ay
1
0 > x
-1
Exercise 5A
1. Express in terms of 7 the values of:
(a) tan"'1 (b) cos™ ﬁ (c) sin™" 1
2 2
(d) cos™' 0 (e) tan™' [—%j (f) cos'(-1)
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5.2 The derivatives of standard inverse trigonometrical functions
Suppose y=sin"'x
then siny =x

and, differentiating implicitly,

cosy%=1

thus
dy 1

dx:cosy
1

Jy1-sin’y  using cos’ y+sin® y =1

S

1-x

Note that we choose the positive square root. This is due to the fact that the gradient of the
graph of y =sin™' x is always greater than zero as was shown earlier.

If y=sin"'x
d__1
dx 1_x2

d__ 1

dx /1—x2

the negative sign of the square root as the graph of y =cos™' x always has a gradient less than

For y =cos™' x using similar working we would arrive at , this time choosing

Z€10.

If y=cos'x
b___ 1
dx 1—x2

89



MFP2 Textbook— A-level Further Mathematics — 6360

It y=tan"' x

then we write tany =x,

and, differentiating implicitly,

2 dy
2
seC” y 4,
dy 1
or ==
dx  sec? y
N S
l+tan’y using sec’ y=1+tan’y
d__1
dr 142
If y=tan™'x
d__1_
dr 142
Exercise 5B
1. Prove that if y=cos™' x then d___ 1 .
dx 1_X2
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5.3 Applications to more complex differentiation

Some methods of differentiation you should already be familiar with. These would include
the function of a function rule, and the product and quotient rules. We will complete this
section by using the rules with functions involving inverse trigonometrical functions.

Example 5.3.1

If y=sin"'(2x-1), find Y
dx

Set u=2x—1 then y=sin"'u

du _ dy _
dx_z and v

1

1—u

2

Thus,

Example 5.3.2

Differentiate sin~' e* .

dy dy _du 2

dx  du” dx

l—u
_ 2

JI-Q2x-1)* (using the function of a function rule).
_ 2

Vax—4x?

and using the function of a function rule,

Set u=e¢" and let y =sin”' e
so that y =sin"'u
du _ dy_ 1
dx du 1— 4>
dy d x
= ex
1-e*
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Example 5.3.3

_ dy
If y=x"tan"' 2x, find .
y=x"tan" 2x, find -
This time we need to use the product rule and the function of a function rule.
y= x*tan”' 2x

dy _ 2xtan”! 2x + x? %(tan_1 2x)

dx
d -1 _ A 1a\_d (-1 \ du
For a(tan 2x), set u = 2x then dx(tan 2x) = (tan u)x I
1
- 1+u? x2
__ 2
1+4x*
dy -1 22
Thus ——=2xtan™ 2x+ .
dx 1+4x*
Example 5.3.4
Differentiate cos x
V1-x*
If y= cos ! x
1-x?

Then, using the quotient rule,
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Exercise 5C

Differentiate the following:

1. (a) tan '3x (b) cos'(3x-1) (c) sin™'2x
2. (a) xtan'x (b) e cos' 2x (c) x*sin” (2x—3)
1 tan”" (3x% +1
3. (a) sin g 3x (b) ( . )
X I+x
4. (a) sin”' (ax+b) (b) tan™' (ax+b) where a and b are positive numbers.
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5.4 Standard integrals integrating to inverse trigonometrical functions

Generally speaking, as you have been taught, formulae from the Formulae and Statistical
Tables Booklet supplied for each AS and A2 module apart from MPCI can be quoted without
proof. However, this does not preclude a question requiring a proof of a result from this
booklet being set. There are two standard results, the proofs of which are given here and the
methods for these proofs should be committed to memory.

The first one isI R
a‘+x

This integral requires a substitution.

Let x = atan@ so that dx = asec’ 6dO

ThenJ. dx _J‘ asec 20d6o

a’ +x* a*+a’ tan’ @
J'asec 0do
a’sec’ 0
:Ildg
a
= l(9+ c
a
= ltan_1 Lic
a
dx 1., -1x
=—tan —+c¢
a*+x? a
The second integral is J‘L
/az )
This interval also requires a substitution
Let x=asind dx=acosfdd
Then J- dx _ _[ acos@dé
Va* —x* Va® —a*sin* 0
_ J‘ acosd 4o
acosd
=0+c
=sin”' (ﬁ) +c
a

IL = sin_1(£)+c
22 — 2 a
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We now give two examples of definite integrals.

Example 5.4.1

2
Evaluate J dx

0 44x°

1 1X 2
= —tan =
+x° [2 ZJO
—ltan - 1 tan"' 0
2 2
| 4
2><4 0
_T
8
Example 5.4.2
Evaluate

e
0 9_x2

3
=sin~ % —sin'0
=sin_1% sin'0
_T_
¢ 0
_n
6

Exercise 5D

Integrate the following, leaving your answers in terms of .

V3 2dx I 3dx 4 dx
L. Il 2 2. Il 2 3. J‘73 2
1+x 241—x 25—x
I dx 34y
* -[0 1+x7 > -[—L 241
3
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5.5 Applications to more complex integrals

In this section we will show you by means of examples how unfamiliar integrals can often be
reduced to one or perhaps two, standard integrals. Most will involve completing the square of
a quadratic expression, a method you will no doubt have used many times before in other
contexts. We will begin by using examples of integrals which in whole or part reduce to

I dx

2 2
a +x

Example 5.5.1

dx

Find | 5———.
'[x2+4x+8

Now x* +4x+8=(x+ 2)2 +4 on completing the square so that

dx  _ .[ dx
x> +4x+8 (x+2)2+4
The substitution u = x+2 gives du = dx and becomes J zd “_ astandard form. The result is
u”+4
+2
therefore %tan_1 % + ¢ or expressing it in terms of x, %tan_1 # +c.
Example 5.5.2
Find [— &
4x" +4x+2
We write 4x” +4x+2=(2x+ 1)2 +1 so that we have I Lz . The substitution
(2x+1)" +1

u=2x+1 gives du =2dx and the integral becomes

%du

u® +1

= %tan_1 u+c

or substituting back —Lian! (2x+1)+c

2
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Example 5.5.3

xdx
49

Find j

Here the substitution u = x* transforms the given integral into standard form for ifu = x*

%du

u?+9

du = 2xdx and we have

:Exgtan §+c
2
:%tan_lx?Jrc

Finally we give a slightly harder example of an integral which uses I in its solution.

2 2
a +x

Example 5.5.4

Find [—252—dx
x“+6x+12

Integrals of this type where the numerator is a linear expression in x and the denominator is a
quadratic in x usually integrate to In p(x) +tan~' g(x) where p(x) and g(x) are functions of
. : f'(x)dx
x. In order to tackle this integral you need to remember that integrals of the form J‘T
X
integrate to Inf (x) +c¢. You should have been taught this result when studying the module
Core 3.

So to start evaluating this integral we have to note that the derivative of x* +6x+121s 2x+6

and we rewrite the numerator of the integral as %(2x + 6) + 2 so that the integral becomes

2(25+6)+2

x2 +6x+12

and separating it into two halves we write it again as

1
4+6x+12 Y xP+6x+12
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The first integral integrates to %ln(x2 +6x+ 12) whilst in the second we complete the square

in the denominator and write it as
J' 2dx
(x+ 3)2 +3

The substitution # = x+3 leads to

So that

x+5 1 2 2 1 x+3
——= dx = =In(x"+6x+12)+—=tan +c
jx2+6x+12 2 ( ) V3 [:J§j

The final part of this section will show you how integrals can sometimes be reduced to
J' dx
Va® - x*

Example 5.5.5

This will be done by means of examples.

. dx
Find | ——.
'[ Vax—x*
As in previous examples, we need to complete the square on 4x —x*, and we write
4x—x* = 4—(x—2)2

So that the interval becomes

4—(x-2)°
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The substitution u = x—2 simplifies the result to the standard form

J‘du

Example 5.5.6

Find j

.
V1+6x—3x"
In order to complete the square in the denominator, we write

1+6x—3x2=1+3(2x—x2)
=143(1-(x-1)’)

=4-3(x-1)°

Thus,
dx

JL = [—&—
V1+6x—3x? 4—3(x—1)2

The substitution of u =+/3 (x - 1) reduces the integral to

du
J‘\/§\/4—u2
:Lsin_1 Yic

N
1 ._lx/g(x—l)

=——SIn ———+¢

NG 2

One final example shows how more complicated expressions may be integrated using
methods shown here and other results which you should have met studying earlier modules.
In this particular context the result you will need is that

I f (x) dx = 24/f(x) +c
Jf (x)
[This result can be easily verified using the substitution u = f (x), since then, du =f (x)dx

and the integral becomes

i
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Example 5.5.7

Find j

xdx .
V7 —6x—x*

2

Now the derivative of 7—6x—x" is —6—2x so we write x as —1(6 +2x)+3 and the integral

2
becomes
—~(6+2x)+3
_J‘ dx
\/ 7—6x—x°
or separating the integral into two parts
j - 6 + 2x) j 3dx
V7 —6x—x* V7 —6x—x*

The first integral is of the form I dx apart from a scaler multiplier, and so integrates to

H

N7 —6x—x* , whilst completing the square on the denominator of the second integral, we

obtainj 3dx - which integrates to 3sin™' X Z 3 using the substitution u = x+3.
16— (x + 3)
Hence,
.[L = —\7-6x-x*-3sin"’ (x+3)+c
N7 —6x—x7 4
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Exercise SE
1. Integrate

1
x> +4x+5

(a)
2. Integrate

2x
x2+2x+3

(a)

3. Find

dx
(a) ——
) J.\/7+6x—xz

4. Find

(a) j—ﬁil—dx

V1-x*

(b)

(b)

(b)

(b)

MFP2 Textbook— A-level Further Mathematics — 6360

2x? —4x+5

W +x+1

IL
V3+2x—x*

j 3x—2

V3+2x—x2

dx

(©)

(c)

(©)

x“—x+2

.f dx
Jx(1—2x)

| (1-x)

l-x—x
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Chapter 6: Hyperbolic Functions

6.1 Definitions of hyperbolic functions

6.2 Numerical values of hyperbolic functions

6.3  Graphs of hyperbolic functions

6.4 Hyperbolic identities

6.5 Osborne’s rule

6.6 Differentiation of hyperbolic functions

6.7 Integration of hyperbolic functions

6.8 Inverse hyperbolic functions

6.9 Logarithmic form of inverse hyperbolic functions
6.10 Derivatives of inverse hyperbolic functions

6.11 Integrals which integrate to inverse hyperbolic functions

6.12 Solving equations

This chapter introduces you to a wholly new concept. When you have completed it, you will:

e know what hyperbolic functions are;

e be able to sketch them;

e be able to differentiate and integrate them;
e have learned some hyperbolic identities;

e understand what inverse hyperbolic functions are and how they can be expressed in
alternative forms;

e be able to sketch inverse hyperbolic functions;

e be able to differentiate inverse hyperbolic functions and recognise integrals which
integrate to them;

e be able to solve equations involving hyperbolic functions.
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6.1 Definitions of hyperbolic functions

It was shown in Chapter 4 that sinx = %(ei’“ —e " ) and cosx = %(ei" +e_ix). Hyperbolic
functions are defined in a very similar way. The definitions of sinh x and cosh x (often
called hyperbolic sine and hyperbolic cosine — pronounced ‘shine x* and

‘cosh x”) are:
(e =)

(e ve)

sinh x =

coshx =

= N~

There are four other hyperbolic functions derived from these, just as there are four
trigonometric functions. They are:

tanh x = sinhx ‘than x’
cosh x
cosech x =— 1 ‘cosheck x’
sinh x
sech x = 1 ‘sheck x’
cosh x
cothx = 1 ‘coth x’
tanh x
In terms of exponential functions,
tanh x = sinhx
cosh x
1 X =X
B (e e )
1 X X
1 (e +e )
ex _ e—X
et 4e

or, on multiplying the numerator and denominator by e,

2x
tanh x = 62_—1.
e +1
Again, cosech x = —
& sinh x
_ 1
)
2
et e

Exponential forms for sech x and coth x can be found in a similar way.
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Exercise 6A

1. Express, in terms of exponentials:

(a) sechx, (b) cothx, (c) tanh %x, (d) cosech 3x.

6.2 Numerical values of hyperbolic functions

When finding the value of trigonometric functions, for example sin x, the angle x must be

given in degrees (or radians). There is no unit for x when evaluating, for example, sinh x.
It is quite in order to speak about sinh 2 or cosh1.3:
-2

2
sinh2 =25 _26 =3.63 (to two decimal places);

3

CeMhed .
coshl.3= s = 1.97 (to two decimal places).

You can work out these values on a calculator using the e* button. However, for
convenience most scientific calculators have a ‘hyp’ button and sinh 2 can be obtained
directly by pressing the ‘2°, ‘hyp’ and ‘sin’ buttons in the appropriate order.

It is worth remembering that

0 -0

v —e _1-1_,

sinh 0 = ) =0;
0, -0

e +e - 1+1

coshO——2 = =1.

Exercise 6B

1. Use a calculator to evaluate, to two decimal places:
(a) sinh 0.6, (b) tanh 1.3, (c) sech 2.1,
(d) tanh (-0.6), (e) cosh (-0.3), (f) coth 4
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6.3  Graphs of hyperbolic functions

The graphs of hyperbolic functions can be sketched easily by plotting points. Some sketches
are given below but it would be a good exercise to make a table of values and confirm the
general shapes for yourself. It would also be worthwhile committing the general shapes of
y=sinhx, y=coshx and y =tanhx to memory.

¥ Y

y = sinh x

y = cosh x

The sketch of y =tanh x requires a little more consideration. In Section 5.1, it was shown

that tanh x could be written as
2x
-1

tanh x = GZX
e +1

R
1+e**

Now, as €** >0 for all values of x, it follows that the numerator in the bracketed expression

above is less than its denominator, so that tanh x > —1. Also, as x — —, e** — 0 and

tanh x — —(%) =—1. So the graph of y =tanhx has an asymptote at y =—1.
Now, if the numerator and denominator of tanh x are divided by e**,
-2x
tanh x = I_Lz.
l+e*

As e* >0 for all values of x, it follows that the numerator of this fraction is less than its
denominator, from which it can be deduced that tanh x <1. It can also be deduced that as

e >0 as x > o, so tanhx — 1 as x — oo. So the graph of y = tanhx has an asymptote at
x=1. Hence the curve y =tanhx lies between y=+1 and y=-1, and has y =+1 as
asymptotes.

y = tanh x
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Exercise 6C

1. Sketch the graphs of
(a) y=sechx, (b) y=cosechx, (c) y=cothux.

6.4  Hyperbolic identities

Just as there are trigonometric identities such as cos® @ +sin”* @ =1 and cos26 = 2cos* 8 —1,
there are similar hyperbolic identities. For example,

cosh2x=[e +e j =l(ez"+2+e_2x),

2 4

2
X —X
and sinh? x = ( € —¢ } =

5 (ezx —2+e‘2x)

1

4
from which, by subtraction,

2 21 o 2x\ 1 ox -2x

cosh” x —sinh x—4(e +2+e ) 4(6 2+e )

=1.

cosh? x—sinh? x =1

Dividing both sides of this equation by cosh? x, it follows that

cosh’x sinh*x _ 1
cosh’x cosh?x cosh? x

1—tanh? x = sech? x.

sech? x =1—tanh? x

Or again, dividing both sides by sinh? x instead,

cosh’x sinh’x _ 1
sinh?x sinh’x sinh®x

coth? x —1=cosech? x.

cosech? x =coth? x—1
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Now consider sinh x cosh y +cosh xsinh y

oo

Dl e (e re)p(er )

2

%(eey S+ 5T —e eV etel + 250 — gl —e e )
SI—

%(exey e xe—y)
- %(e”y el )) [using the laws of indices]
=sinh(x+ ).

In exactly the same way, expressions for sinh(x—y), cosh(x+y) and cosh(x—y) can be

y) =sinh xcosh y+cosh xsinh y

y) = cosh x cosh y = sinh xsinh y

worked out.
sinh (x £
cosh (x +
Exercise 6D
1. Show that

(a) sinh(x— y)=sinhxcosh y—cosh xsinh y,

(b) cosh(x+ y)=coshxcosh y+sinhxsinh y.

You will probably remember that the basic trigonometric formulae for sin (x + y) and

cos(x+ ) can be used to find expressions for sin2x, cos2x, and so on. The hyperbolic

formulae given above help to find corresponding results for hyperbolic functions.
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For example,

because sinh (x+ y) =sinh xcosh y +cosh xsinh y,
putting y =x,

sinh (x + x) =sinh x cosh x + cosh x sinh x,
or sinh 2x = 2sinh x cosh x.
Using

cosh(x+ y)=coshxcosh y+sinh xsinh y,
putting y =x,

cosh (x+x) = cosh x cosh x + sinh xsinh x,
or cosh 2x = cosh? x +sinh? x.

Using cosh? x —sinh? x =1,
cosh 2x =1+sinh? x +sinh? x
=1+2sinh? x
or cosh2x =2cosh? x—1.

sinh 2x = 2sinh x cosh x
cosh 2x = cosh? x +sinh? x
=2cosh® x—1

=1+2sinh? x

Some examples will illustrate extensions of these results.
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Example 6.4.1

2 tanh x

Show that tanh2x = T
1+ tanh” x

_ sinh2x
tanh 2x = osh2x

_ 2sinh xcosh x
cosh? x +sinh? x

Dividing the numerator and denominator by cosh?” x,
2sinh x cosh x
tanh 2x = (2:osh2 X 5
cosh” x+sinh” x
cosh? x
2sinh x
__coshx
sinh? x
cosh? x
__2tanhx
1+tanh® x

1+

Example 6.4.2

Show that cosh3x = 4cosh® x—3cosh x.

cosh3x = cosh (Zx + x)

= cosh 2x cosh x +sinh 2xsinh x

= (2 cosh? x — 1)coshx+ 2 sinh x cosh x sinh x
=2cosh® x—coshx+2 (cosh2 xX— 1) cosh x [using cosh® x —sinh® x = 1]

=2cosh® x—cosh x + 2 cosh® x — 2 cosh x

=4cosh® x—3cosh x.

Exercise 6E

1. Using the expansion of sinh(2x+x), show that sinh3x = 3sinh x +4sinh” x.

2. Express cosh4x in terms of cosh x.
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6.5 Osborne’s rule

It should be clear that the results and identities for hyperbolic functions bear a remarkable
similarity to the corresponding ones for trigonometric functions. In fact the only differences

are those of sign — for example, whereas cos” x +sin” x =1, the corresponding hyperbolic

identity is cosh? x —sinh? x =1. There is a rule for obtaining the identities of hyperbolic
functions from those for trigonometric functions — it is called Osborne’s rule.

To change a trigonometric function into its corresponding
hyperbolic function, where a product of two sines appears
change the sign of the corresponding hyperbolic term

For example,
because cos(x+y) = COSXCOS y—sinxsin y

then cosh(x+ y) = cosh xcosh y +sinh xsinh y.

Note also that
because cos2x =1-2sin’ x
then cosh2x =1+ 2sinh? x,

2

because sin” x is a product of two sines.

However, care must be exercised in using this rule, as the next example shows.
It is known that sec’ x =1+tan’ x

but sech? x =1—tanh? x

The reason that the sign has to be changed here is that a product of sines is implied because

22
sSin- x
2

tan2 xX= .
cos” x

It should be noted that Osborne’s rule is only an aid to memory. It must not be used in a

proof — for example, that cosh? x —sinh? x = 1. The method shown in Section 6.4 must be
used for that.
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6.6 Differentiation of hyperbolic functions

You will already have met the derivative of . Just to remind you,

%(ek") = ke,

As hyperbolic functions can be expressed in terms of e, it follows that their differentiation is
straightforward. For example,

y =sinhx
= %(ex —e " )
Therefore, %’ _ %( o o )
= cosh x.
And if y = sinh kx
A -e)
then % = %(kekx +he ™ )
=k %(ekx +e i )
= k cosh kx.
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You can differentiate cosh x and cosh kx in exactly the same way; tanh x can be

differentiated by treating it as the derivative of the quotient %. The following results

should be committed to memory:

y =sinhx, % =cosh x
y=coshux, % =sinh x
y =tanhx, % =sech” x
Generally:
y =sinh kx, %:kcoshkx
vy = cosh kx, %:ksinhkx
y = tanh kx, % = k sech® kx

Note that the derivatives are very similar to the derivatives of trigonometric functions, except

d . d .
that whereas a(cos x) =—sinx, a(cosh x) = +sinh x.
Example 6.6.1

Differentiate sinh % X.

y=sinh%x
dy 1 1
a—coshzx(xz)
) e §
= 2cosh2x.
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Example 6.6.2

Differentiate x cosh 2x +cosh* 3x.

y = xcosh 2x + cosh® 3x
= xcosh 2x +(cosh 3x)4 )

Using the product and chain rules for differentiation,

%} =(1xcosh 2x)+(xsinh 2xx2) + (4(cosh 3x)3 x sinh 3x x 3)

= cosh 2x + 2xsinh 2x +12sinh 3x cosh? 3x.

Exercise 6F

1. Differentiate the following expressions:

(a) cosh3x, (b) cosh? 3x, (c) x*coshx,

(d) @, () xtanhux, (f) sech x [hint: write sech x as (cosh x)_l],

(g) cosech x.
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6.7 Integration of hyperbolic functions

You will already have met the integral of ¢®. Just to remind you,

.[ek’“dx:%ekx.

As hyperbolic functions can be expressed in terms of e, and as it is the reverse of
differentiation, it follows that their integration is straightforward.

jsinhxdx:coshx+c

.fcoshxdx=sinhx+c

jsechz xdx=tanhx+c¢

Of course, generally jsinh kx = %cosh kx +c.

For the integration of tanh x, a substitution is needed as follows:

jtanhxdx=j$dx.

Putting u =coshx, du =sinhxdx.

So that jtanhxdx:j(il—u

=lhu+c

=Incoshx+c.

jtanhxdx=lncoshx+c

Icothxdx=lnsinhx+c

Exercise 6G
1. Evaluate the following integrals:

(a) Icosh 3xdx, (b) Icoshz xdx,

(©) j xsinh2xdx, (d) j tanh? x dx.
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6.8 Inverse hyperbolic functions

Just as there are inverse trigonometric functions (sin*1 x, cos ' x, etc.), so there are inverse

hyperbolic functions. They are defined in a similar way to inverse trigonometric functions —
50, if x =sinh y, then y =sinh™' x; and likewise for the other five hyperbolic functions.

To find the value of, say, sinh™' 2 using a calculator, you use it in the same way as you would
if it was a trigonometric function (pressing the appropriate buttons for hyperbolic functions).

The sketches of y=sinh™' x and y=tanh™' x are the reflections of y =sinhx and
y =tanh x, respectively, in the line y = x. These sketches are shown below. Note that the

curve y = tanh™' x has asymptotes at x = =*1.
-1
y =tanh x

.o, -1
y =sinh x

Note also that y = cosh x does not have an inverse. This is because the mapping

f :x — cosh x is not a one-to-one mapping. If you look at the graph of y =coshx (in Section
5.3) you will see that for every value of y >1 there are two values of x. However, if the
domain of y =coshx is restricted to x >0 there will be a one-to-one mapping, and hence an
inverse, and the range for the inverse will be y > 0.
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6.9 Logarithmic form of inverse hyperbolic functions

The inverse hyperbolic functions cosh™ x, sinh™' x and tanh™' x can be expressed as
logarithms. For example, if

y=cosh™ x,
then x=coshy
= e’ +e”
2
2x=¢”+e”’.
Multiplying by ¢”, 2xe” =e* +1

0=¢%’ —2xe’ +1.

This is a quadratic equation in e’ and can be solved using the quadratic formula:

o = 2x£V4x* -4

2
=x+x* 1.
Taking the logarithm of each side,
y :ln(xi\/x2 —1).
2
Now, (x+\/x2 —1)(x— x2 —1) =x’ —(\/x2 —1)

=x2—x?+1

Thus x—x? - S

and ln(x— x2—1)=ln

so that yzirln(x+ xz—l).
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However, from Section 5.8, if y >0 then

y =cosh™ x=+ln(x+\/x2 —1).

A similar result for y =sinh™ x can be obtained by writing x =sinh y and then expressing
sinh y in terms of e”. This gives y = ln(x ++/x? +1), but as x—+x? +1 <0 the negative

sign has to be rejected because the logarithm of a negative number is non-real. Thus
sinh™ x = ln(x+\/x2 +1).

It is straightforward to obtain the logarithmic form of y =tanh™" x if, after writing

sinh y

tanh y = x, tanh y is written as .
Y Y cosh y

(:osh_llen(er\/x2 —1)
sinhllen(x+ x2 +l)

1 (1+x
tanh x_21n(1—x)
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Example 6.9.1

Find, in logarithmic form, tanh™ %

Solution
tanh ll:lln 1+%
2 2 1-1
2
3
1 =
2
:%m3
:lnx/g.
Example 6.9.2

Find, in logarithmic form, sinh™ %

| Solution |
.43 3 (3)
sinh Z:hl Z+ (Z) +1
—ml 3.9
=In 4+ 16+1]
(3. 25
=In| 2+ mj
_1(3.5
—ln(4+4)
=1n2.
Exercise 6H

1. Showmhm;mnhPx:ln(x+fdx2+1)

2. Show that tanh™' x = lln (1+_x)
2 \l-x
3. Express the following in logarithmic form:

-13 11 a1 5
(a) cosh > (b) tanh 3 (c) sinh 2
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6.10 Derivatives of inverse hyperbolic functions

As already seen, if y =sinh™' x, then sinh y = x. Differentiating with respect to x,

dy _
coshy —=1.
dy 1
So that = cosh
1

= [using cosh? V- sinh? y= 1}

V1+x?

Again, if y =sinh™! g,

i X
smhy—a,
dy _1
hy—=—.
and coshy ~=-
dy 1
Th —=
us dx acoshy
_ 1
2
a1+
22
_ 1
a’+x*

The derivatives of cosh™ x and cosh™ (%), and also tanh™' x and tanh™ (%) are obtained

in exactly the same way.

Example 6.10.1

Find the derivative of i(tanh_1 x).

dx

y=tanh™' x
tanh y = x
sech?y % =1
dy_ 1
dx  sech’y
= 1 lxz |:using sechzy + tanh? y= l].
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It is suggested that you work through the remaining results yourself.

| dy 1
y=sinh™ x: ==
dx 1+x?
—1 dy 1
y=cosh™ x: ==
dx x? -1
o dy
y=tanh™ x: 5_1—;8
Generally,
y=sinh™ X, d_y= !
a dx  Va?+x?
y=cosh™ x. y__ 1
a dx xz _az
_ dy a
—tanh" X: L=
4 a dx a*-x°

Example 6.10.2

Differentiate cosh™ X

3
e 1 X
y =cosh 3
dy_ 1
dx 2 _32
_ 1
x> =9
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Example 6.10.3

If y=x*sinh™’ %, find % when x =2, giving your answer in the form a+blInc.

Differentiate x*sinh™' % as a product .

2

2l X
y=x"sinh >
ay L1 X 2 1
dx—2xs1nh 2+x AR

So, when x =2

Y gsinh 144
dx 72 92

Exercise 6l

1. Differentiate the following:

-1 X . -1X -1 X
(a) tanh 3 (b) sinh 3 (c) cosh 1

(d) e*sinh™'x, (e) %cosh*1 x°.

2. If y=xcosh™ x, find % when x =2, giving your answer in the form a +Inb, where a

and b are irrational numbers.
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6.11 Integrals which integrate to inverse hyperbolic functions

Integration can be regarded as the reverse of differentiation so it follows, from the results in
Section 6.10, that:

J'\/i—smh Xy
_[ —cosh™ Z4¢
N

dx 1 _
Iaz _x2 =;tanh l;‘i‘c

The integrals of , 1n particular, help to widen the ability to integrate.

1 1
d
Joie T e-a

In fact, these results can be used to integrate any expression of the form 1

N pxXi g+

where p > 0. The examples which follow show how this can be done.

, or

SX+t

\/px2+qx+r

cven

Example 6.11.1

Find j

_ dx
V16 +x2

dr [ dx
I\/16+x2 _J.\/42+x2

=sinh™! (%) +ec.
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Example 6.11.2

Find j

_dx
V6 +2x?

dx dx
J‘\/6+2xz _I\/2(3+x2)
:LJ dx
V2 34 x?

:%sinh‘l (%)m

Example 6.11.3

_dx
\/x2+2x—3

Find j

In order to evaluate this integral, you must complete the square in the denominator.

x2+2x—3:(x2+2x+1)—4

=(x+1)* -4.

o dx
J\/x2+2x—3 _J.\/(x+1)2—4'

Hence,

Substituting z = x+1, for which dz =dx, gives
J‘ dx _[_dz
\/ x*+2x-3 2 -4
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Example 6.11.4

Find I 2x+5 dx.

Jx?+6x+10

In this case, the integral is split into two by writing one integral with a numerator which is the
derivative of x* +6x +10.

Now, %( > +6x+10) =21 +6.
But 2x+5=2x+6-1
2x+5 2x+6 1
and =X = | 22D - | —————— 4.
J\/x2+6x+10 J\/x2+6x+10 I\/x2+6x+10

=1-1,, say.
Because the derivative of x> +6x+10 is 2x+6, then for 7, the substitution z = x* +6x+10

gives % =2x+6 and consequently

1 =j%
=jz_%dz

[(SIE

zZ
1
2

= 2\Jx% +6x+10.

For 7,, completing the square in the denominator,

W +6x+10=x>+6x+9+1

=(x+3)2+1.
So that L=|—
2 J‘()c+3)2+1

The substitution u = x+3 will give %‘ _1,

du
and I =|——
J. Vu? +1
=sinh™ u
=sinh™ (x + 3).
Therefore, the complete integral is

I, —1,=2x +6x+10—sinh_l(x+3)+c.
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Exercise 6J

1. Evaluate the following integrals:

dx dx dx
b b —7 —7
(a)J 249 ()° x2-16 (C)'[\/4x2+25
dx ' dx dx
d) | ——, (e) | —, ) | ——=.
‘[\/9x2+49 T x+1) + I‘/(x—2)2—16
dx - dx
S h) [—&
(® J\/x2+4x+5 ( )- Vx2—2x-2

6.12 Solving equations

You are likely to meet two types of equations involving hyperbolic functions. The methods
for solving them are quite different.

The first type has the form acosh x +bsinh x = ¢, or a similar linear combination of
hyperbolic functions. The correct method for solving this type of equation is to use the

definitions of sinhx and cosh x to turn the equation into one involving e* (frequently a
quadratic equation).

Example 6.12.1

Solve the equation 7sinh x —5cosh x =—1.

e —e " e’
Using the definitions sinhx = s and coshx = 5

e’ —e " et +e |
(SR G
7et _Tet _5e" _Set _

2 2 2 2
e’ —6e " =—1.

-1

Multiplying throughout by e,
er _ 6 — _ex’
or e’ +e' —6=0.
This is a quadratic equation in e* and factorizes to
(e"+3)(e* -2)=0.
Hence, ¢* =-3 ore” =2. The only solution possible is x =1n2 because ¢* # —3 since
e” >0 for all values of x.
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Example 6.12.2

Solve the equation cosh” x = 4sinh x +6.

The identity cosh? x —sinh? x =1 is used here. The reason for this can be seen on substitution
— instead of having an equation involving cosh x and sinh x, the original equation is reduced

to one involving sinh x only.
1+sinh® x = 4sinh x + 6
sinh? x —4sinh x -5 =0.
This is a quadratic equation in sinh x which factorizes to
(sinh X— 5)(sinh x+ 1) =0.

Hence, sinhx =5 or sinhx=-1
and x=sinh™' 5 or x =sinh -1,
and x=23lorx=-0.88 (totwo decimal places).

The answers can also be expressed in terms of logarithms, using the results from Section 6.9:

Sinh15=ln(5+\/52 +1):ln(5+\/%);
sinh‘l—lzln(—l+ (-1)° +1j:ln(\/§—1).

Note that it is not advisable to use the definitions of sinh x and cosh x when attempting to

solve the equation in Example 6.12.2 — this would generate a quartic equation in e¢* which
would be difficult to solve.

Examples 6K

1. Solve the equations:
(a) 4sinhx+3e* =9, (b) 3sinh x+4coshx =4,
(c) cosh’x—3sinhx=35, (d) cosh2x—3coshx =4,

(e) tanh® x =7sechx+3.
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1. (a) Express coshx+sinhx in terms of e*.

. 1
H 1 —_—
(b) Hence evaluate J , coshx +sinh x

[AQA March 1999]

2. (a) Using the definitions

hx==
coshx =~
prove that

MFP2 Textbook— A-level Further Mathematics — 6360

1 (ex +e—X) and sinhx:%(ex —e_x),

2sinh x cosh x = sinh 2.x.

(b) Hence, or otherwise, solve the equation

8sinh x = 3sech x,

leaving your answer in terms of natural logarithms.

[AEB January 1997]

3. (a) By considering sinh y = x. or otherwise, prove that

sinhl)c:ln(x+\/1+x2 )

(b) Solve the equation

2cosh26 —5sinhd -8 =0,

leaving your answers in terms of natural logarithms.

[AEB January 1996]

4. (a) Show that the equation

14sinhx—10coshx =5

can be expressed as

2e>¥ —5¢*

(b) Hence solve the equation

-12=0.

14sinh x —10coshx =5,

giving your answer as a natural logarithm.

[AQA June 2001]
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5. (a) Starting from the definition of cosh? in terms of €', show that
4cosh® £ —3cosh ¢ = cosh 3¢.

(b) Hence show that the substitution x = cosh¢ transforms the equation

16x° —12x=5
~ _5
into cosh 3t = 1

(¢) The above equation in x has only one real root. Obtain this root, giving your answer in
the form 27 + 27, where p and ¢ are rational numbers to be found.
[AQA March 1999]

6. (a) Using the definitions of sinh @ and cosh @ in terms of exponentials, show that
20
tanhg =& —1.

e?? +1

(b) Hence prove that

where -1 <x<1.
[AEB June 1999]

7. (a) By expressing tanh x in terms of sinh x and cosh x, show that
(i) tanh? x =1-sech’x,

(i1) %tanh x =sech’x.

(b) (i) Find I(tanhx—tanh3 x)dx.

(i1) Hence, or otherwise, find jtanh3 xdx.

[AQA March 2000]
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8. (a) Explain, by means of a sketch, why the numbers of distinct values of x satisfying the
equation
coshx=k

in the cases k <1,k =1and k >1 are 0, 1 and 2, respectively.
17
8

(1) express y in the form Inn, where 7 is an integer,

(b) Given that coshx = and sinhy= %,

(i) show that one of the possible values of x+ y is In12 and find the other possible
value in the form Ina, where a is to be determined.
[AQA March 2000]

9. (a) State the values of x for which cosh™ x is defined.

(b) A curve C is defined for these values of x by the equation
y=x—cosh™ x.
(1) Show that C has just one stationary point.

(i) Evaluate y at the stationary point, giving your answer in the form p —Ing, where
p and g are numbers to be determined.
[NEAB March 1998]

10. (a) Prove that

%(tanh x) =sech’x.
(b) Hence, or otherwise, prove that

d a1y 1

a(tanh x) T2

(c) By expressing " 1 in partial fractions and integrating, show that

2

11 (1+x
tanh x_Zln(l—x)'

(d) Show that

1

2 4

I tanh x 2xdx:a(lnb)2,
0o 1—-x

where a and b are numbers to be determined.
[AQA June 1990]
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11. The diagram shows a region R in the x—y plane bounded by the curve y =sinh x, the x-axis
and the line AB which is perpendicular to the x-axis.

y

)

(a) Given that AB = % , show that OB =In3.

b) (i) Show that cosh (Ink)=A*1
(b) (i) Show that cosh(Ink)= T
(i1) Show that the area of the region R is g.

3

In3

(¢c) (i) Show that I sinhzxdx:%[sinh(ln9)—ln9].

0
(i1)) Hence find, correct to three significant figures, the volume swept out when the
region R is rotated through an angle of 2w radians about the x-axis.
[NEAB June 1998]
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Chapter 7: Arc Length and Area of Surface of Revolution
7.1  Introduction
7.2 Arc length

7.3 Area of surface of revolution

This chapter introduces formulae which allow calculations concerning curves. When you
have completed it, you will:

e know a formula which can be used to evaluate the length of an arc when the equation of
the curve is given in Cartesian form;

e know a formula which can be used to evaluate the length of an arc when the equation of
the curve is given in parametric form;

e know methods of evaluating a curved surface area of revolution when the equation of the
curve is given in Cartesian or in parametric form.

131



MFP2 Textbook— A-level Further Mathematics — 6360

7.1 Introduction y

You will probably already be familiar with some formulae
to do with the arc length of a curve and the area of surface
of revolution. For example, the area under the curve

y =f(x) above the x-axis and between the lines x =a

b a b
and x =5 is given by A=J ydx. © ¥

b
You will also be familiar with the formula V' = I my? dx which gives the volume of the solid

of revolution when that part of the curve between the lines x =a and x = b is rotated about
the x-axis.

The formulae to be introduced in this chapter should be committed to memory. You should
also realise that, as with many problems, the skills needed to solve them do not concern the
formulae themselves but involve integration, differentiation and manipulation of algebraic,
trigonometric and hyperbolic functions — many of which have been introduced in earlier
chapters.
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7.2 Arclength

The arc length of a curve is the actual distance you would y 0
cover if you travelled along it. In the diagram alongside, o' is p 95" oy
the arc length between the points P and Q on the curve ox N

y =f(x). If P has the coordinates (x,y), O has coordinates

(x+6x,y+06y) and PN is parallel to the x-axis so that angle
PNQ is 90°, it follows that PN =Sx and ON =57y. o a b x

Now, if P and Q are fairly close to each other then the arc length ds must be quite short and
PQON be approximately a right-angled triangle. Using Pythagorus’ theorem,

(5s)2 ~ (5x)2 +(5y)2 .

2 2
ividi 2 os oy
Dividing by (6x)", (a) z1+(§j .
2 2
In the limit as 6x — 0, (% =1+ (%’j
ds _ 1+ Y 2
dx dx
b dy 2
Thus, S = ) 1+(5j dx.

If y=f(x), the length of the arc of curve from

the point where x = a to the point where x =5

is given by
b 2
s =I "1+(%j dx
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A corresponding formula for curves given in terms of a parameter can also be derived.
Suppose that x and y are both functions of a parameter . As before,

(5s)2 z(5x)2 +(5y)2.
2 2 2
Dividing by (&)’ (%) z(%) +(%) .

2 2 2
As 5x—0, 5t—>0 and (ﬁ) :(Q) (Y
&) ~\a

ds _ (g) NEDT
dr dt dr

t 2 2
() (D
S—L (dt) +[dtj dr

where ¢ and #, are the values of the parameter at each end of the arc length being considered.

The length of arc of a curve in terms of a parameter ¢

is given by
t 2 2
_[> dX) (dyj
s = | +| = dt
_[ ; ( de dr

where ¢ and #, are the values of the parameter at
each end of the arc.

The use of these formulae will be demonstrated through some worked examples.
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Example 7.2.1

Find the length of the curve y =cosh x between the points where x =0 and x = 2.

y=coshx
% =sinh x.
a2
Therefore, 1+ (—yj =1+sinh? x
dx
=cosh? x
2
1+ (%) =cosh x.
2 2
_ / dy
Now, S—J-O 1+(dxj dx
2
= J- cosh xdx
0
= [sinh x]é
=sinh 2 —sinh 0
=sinh 2.

135



MFP2 Textbook— A-level Further Mathematics — 6360

Example 7.2.2

Show that the length of the curve (called a cycloid) given by the equations x = a ((9 —sin 6),
y= a(l—cos&’) between € =0 and 6 =27 is 8a.

@—a(l—cosﬁ)
%:asinﬁ
Therefore,
2 2
(%) +(§—J(;j a’ (l—cos 9)2 +a’sin’ @
:a2(1—2c0s9+cos20+sin29)
=a’ (1—26086’4—1) (usingsin’@ +cos’6 =1)
:a2(2—200s49)
:2a2(1—0059)
=2a22sin2§ (using 2sin’@ =1-cos 26)
dx 2 dy 2,20
\/(d@) +[d0j 4a” sin
=2asin—
Now,
2n 2 2
_ dr ), (dy
S‘L \/(de) +(d9] 40
27
_ .0
_Io 2asm2dt9

= |:2a(2cos§):|:n

=—4acosn—(—4acos0)

=8a.
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7.3  Area of surface of revolution

If an arc of a curve is rotated about an axis, it forms a surface. The area of this surface is
known as the ‘curved surface area’ or ‘area of surface of revolution’.

Suppose two closely spaced points, P and Q, are taken on the y
curve y =f(x). This arc is rotated about the x-axis by 2=

radians. The coordinates of P and Q are (x,y) and

(x +0x,y+0 y), respectively, and the length of arc PQ is Js.

You can see from the diagram that the curved surface
generated by the rotation is larger than that of the cylinder of
width ds obtained by rotating the point P about the x-axis, but
smaller than the area of the cylinder width ds obtained by
rotating the point Q about the same axis. Using the formula
S =2nrh for the area of the curved surface of a cylinder, the
area of the former is 2myds and that of the latter

is2m(y+06y)ds. If the actual area generated by the rotation

of arc PQ about the x-axis is denoted by 4, it follows that
2nyos < 0A < 2n(y+5y)5s

or, dividing by Js,

94

os

Now asox -0, 0y — 0 and s — 0 so that the right-hand side of the inequality tends to

2my. Therefore,

2wy < <2n(y+5y).

%zZny
b
A:I 2nyds

b d 2
= I 2my, |1+ (ay) dx (from section 7.2)

The area of surface of revolution obtained by rotating an arc of the
curve y =f(x) through 2z radians about the x-axis between the

points where x =a and x =5 is given by

b 2
A:J'a 2ny‘/1+(%j dx
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Example 7.3.1

Find the area of surface of revolution when the curve y = cosh x between the points where
x =0 and x =2.1s rotated through 2x radians about the x-axis.

This was the curve used in example 7.2.1 — from there

2
1+ (QJ = cosh x.

dx
2 dy 2
A _jo 2ny,f1+(aj dx
2

= j 2mcosh x cosh x dx
0

Hence,

2
= 27‘CJ. cosh? xdx
0

2
1
= 2n'[0 5(1 +cosh 2x) dx

=T X+

sinh 2x:|2
2

0

aloa Lannal-xlo+ L
—n_2+zs1nh4} n[0+2smh0}

n_2+%sinh4}.

Example 7.3.2

Show that the area of surface of revolution when the cycloid curve given by the equations
x=a(0-sind), y=a(l-cosd) between § =0 and 6 =2 is rotated through 2z radians

about the x-axis is ﬁ1tc12.

3
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This was the curve used in example 7.2.2 — from there

VL (WY ol

\/(d@) +(d9j —2asm2.
2n dx 2 dy 2

A:IO 2my (@) +(@j déo

27
_ B .0
—IO 2ma(1 cos0)2as1n2d6?

Now,

e 2T
= 4na’ {1 —(2 cos’ g— 1)}sin§d0 (using cos 2x = 2 cos’x —1)
Jo

.271:
ane? [ 2sin - 2c0s? Osin €
=4mna ], (2s1n2 2cos 2sm2)d6’

.27‘[
.0 200
(sm— cos 2sm2)d0.

_ 2
=8ma >

J 0

Now, consider J-cosz gsingdﬁ. The substitution u = cosg gives

1

_ 1.0
du = 2sm2d6?

and the integral becomes
‘ 2(— _
u ( 2du)— 3

2cos’
3

(SIS

Integrating for 4,

27

0 2 30

A=8na* [—2cos—+—c0s —}
23 2,

3
=8na’ {[—2 CoST —i—%cos3 n} - {—2 cos 0+ 2608”0 CO; 0}}

= 8na’ [2—%+2—%}
S P

3
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Miscellaneous exercises 7

1. (a) Show that

(i) %(tanh 6)=sech’ 0,
o d
(i1) a0° (sech@) =—sechd tanh 4.

(b) A curve Cis given parametrically by
x=60—-tanh@, y=sechd, 6=>0.

2 2
(i) Show that (%) +(%j = tanh? 6.

(i1) The length of arc C measured from the point (0, 1) to a general point with
parameter € is s. Find s in terms of & and deduce that, for any point on
curve, y=¢ .
[AQA Specimen]

2. (a) Using only the definitions of cosh x and sinh x in terms of exponentials,
(1) determine the exact values of cosha and sinh o, where o = ln%,

(i1) establish the identities
cosh 2x =2 cosh? 2x -1

sinh 2x = 2sinh x cosh x.

(b) The arc of the curve with equation y = cosh x, between the points where x =0 and
X= ln%, is rotated through one full turn about the x-axis to form a surface of
revolution with area S. Show that

—xlm2
S = n(ln 1t p)

for some rational number p whose value you should state.
[AEB June 2000]
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3. (a) (i) Using only the definitions
_1l(o_ -0 - _l(o_ -0
coshf = 2(6 +e ) and sinh @ = 2(6 e ),
prove the identity
cosh? @ —sinh? @ =1.
(i) Deduce a relationship between sech& and tanh 6.

(b) A curve C has parametric representation x =sechd, y=tanhé.

2 2
(i) Show that (%) +(%) = sech?0.

(i1) The arc of the curve between the points where d =0 and € =1n7 is rotated
through one full turn about the x-axis. Show that the area of the surface

generated is %n square units.

[AEB June 1997]

4. A curve has parametric representation
x=06+sinf, y=1+cosé, 0<0<2n.

af (W), a0
(a) Prove that (d@) +(d9j =4cos ok

(b) The arc of this curve, between the points when € =0 and € :% is rotated

about the x-axis through 27 radians. The area of the surface generated is denoted by S.
Determine the value of the constant & for which

i[5 6 cos?
S —kIO (1 sin 2)cos > do,
and hence evaluate S exactly.
[AEB June 1996]
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5. The curve C is defined parametrically by the equations

13 2
X 3 s Y >

where ¢ is a parameter.

how that (95} +( @) _(1241)?

(a) Show 't at(a) + ar —(t + ) .

(b) The arc of C between the points where ¢ =0 and ¢ =3 is denoted by L. Determine
(1) the length of L,

(i1) the area of the surface generated when L is rotated through 27 radians about
the x-axis
[AEB January 1998]

6. (a) Given that a is a positive constant and that

y=a’sinh™ (ﬁ) +xva+x7,

a

use differentiation to determine the value of the constant £ for which

%zk\/a2+x2.

(b) A curve has the equation y =sinh™' x+xv1+x*. The length of the arc of curve
between the points where x =0 and x =1 is denoted by L. Show that

_5In5+12

L 8

[AEB January 2000]
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Answers to Exercises — Further Pure 2

Chapter 1
Exercise 1A
L (@) V2,-% ) 3.2 (o) 4 (@) 2,-2
4 2 6
2. (a) 3.16,2.82 (b) 5,093 (c) 7.07,-1.71
Exercise 1B
T L isin—T T isinZ
1. (a) x/E(cos 4+1s1n 4) (b) 3(cosz+1sm2)
. . Sm ... Sm
() 4(cosn+1s1nn) (d) 2(cos—F+1sm—?)

2. () V2+2i (b)) —2-23i

Exercise 1C

1. (@) 3+i,4+43i  (b) —1+8i,-14+2i

Exercise 1D
1 . .
1. (a) §(6+81) (b) 2+2i
Exercise 1E
1. (a) %(cos%Jrisin%) (b) j—; =% and aurg(j—;j=argzl—argz2
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Exercise 1F

1. (a) (6,%)

(d) (27,0)

2. (a) 2.5+0.5i

Exercise 1G

1. (a) 5.39,0.38

Exercise 1H

1. (a) y

(b) 5, 0.93

\J

2. (a) y

N
w

< 0.)
0

(11)
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© 1—%1

(c) 7.62,-1.98

(10)

(b)

(©) v

X

Q  The locus is the line PO
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Miscellaneous exercises 1

1. 3-2i
Y 43
Ze |\Zo2
2. (a) L(4+3i) (b) ' (5 5) © 1,12
5 5 ~
o (4 _3)
3. 1-21, 4-2i z 575
4 %(1—1)
5. Y (b) 1 (©) 3
o
/s
o \E,O X
6 y
‘ argzz%n
|z-2-3i[=3
>
0 20 ;
. . 31t .. Y P,
7. @)(0) -1+i (i) V2, T (b)(ii) (4,g) (iii) 2+/10
O
[+2%) 7
8. (a) (b)
-10 X X
.3 .3 33,
(c)(1)..§ (c)(i1) Z+Tl

9.(a) 14+2i,1+i (b)) +20,0.46 and +10,-0.32 (i) ~10
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Chapter 2

Exercise 2A

1. (@) —3+i (b) —5+i

Exercise 2B

1. (@) -1,-1,3 (b) 1,1+i (c) 2, —2+i

Exercise 2C

1. (a) 7,12,-5 by =2, =1 =2

2. 2x° —6x*+7x+10=0

Exercise 2D

1&2 (a) x> —3x*—36x-189=0 (b) x’—4x*+x-5=0 (c) 7x>+8x*+4x—-8=0
3. (a) 2x°-9x*+162=0 (b) 2x° —9x* +12x+1=0

(c) 3x°—6x+8=0

Exercise 2E

1. (a) 16x* —6x* +5x—4=0 (b) 3

Exercise 2F

1. X*—4x* +6x—-4=0

2.2, 3i

T
3. 1+1, 5
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Miscellaneous exercises 2

1. (@) a=1, B=+/5
(b)-2
2. (b) (i) B=3-4i, y=—6
(i) —150
(iii) 0,—11, 150
3. (a) Zazo Za,b’:% affy =-2
(b) 2x° -3x*-8=0
4. (a) g

_o; =6
(b) 1-2i, =

5. (a) p=-3
(b) () ¢=7
(i) Y. a® <0
(c) (1) -3
(i) 75

6. (b) () p=4, g=—4
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Chapter 3

Exercise 3A

1. (a) 2r (b) %n(n+1)

1 1
2O T3 (n2)(n3)

—

3. (b) En(n+1)(2n+l)

Miscellaneous exercises 3

2. (b) n(n+1)(n2+n+1)

9. (a) 2

10. (a) 1 (c) 1
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Chapter 4

Exercise 4A

2. (a) cosl50+isinl1560 (b) 1
_ 1 -
(e)—64 () 64(1+\61)
Exercise 4B

1. 3sin@—4sin’ O

) 3tan @ —tan’ O
‘ 2
1-3tan“ @

3. 16sin’ @ —20sin> @ +5sin @

Exercise 4C

1. (a) %[zuz%j (b)%(z7+zi7j (c)%

(©) 1
(2) 414723

(d) -8i

6 1 1( 35 1
(Z —) @ 2—( —)

Exercise 4D
i _m Pt Smi
1. (a) V2e* (b) 2¢ 6 (c) V12¢6 (d) 4e 6
Exercise 4E
1. (a) -1 (b) 7 (c) 8
Exercise 4F
1. (a) +1,+i (b) 2(cos%+isin215(—n, k=0+1,+2
kn .. kn _
() cos?ﬂsm?, k=0+1,+£2,+3,+4,5

2. cos—2kn+isin—2kn, k=+1,%2
5 5
1 1.
2 4+ 4
3 272!
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Exercise 4G
(1+4k)mi 1 (8k=D)mi
1. (a) 2¢ 8 k=0,1,2,3 (b) 26¢ 12 k=123
1 (6k-1)mi
(c) 28¢ % k=12,3,---,8 (d) £i
(4k+1)mi
@2 © -1 k=012 ) %(Hicot%)
Miscellaneous exercises 4
1. (a) 64, +n
(b) 2\/7(cosz+1s1n4) 2\/7(cos3n+1s1n3f)
2\/_(cosj+1s1n—) 2\/—(cos—+1sm%)
(c) £2(1+i),+2(1-1)
T . . T T, . . T
2. (a) \/E(cos4+1sm4),2(cos 6+1sm 6)
(b)(ii)) 1.41+0.12i,—0.81+1.161,—0.60—1.28i
5445 \/S—ﬁ \/5+J§
+
3 (0) 25 © 52, P
4. (b) 1,3 4
(1+2k)
5.(b) z=1+e > k==+1,+2 (c) centre z=1, radius 1 1 .
N T
(D)) 10 (i1) 2cos1 0
6. (b)(ii) x> +x—-1=0 (i) 2cos 2%, 2c0s 2T vy “LtV5 —1=45
5 5 4 4
7. (a)(il) 2isinné (b)(i A=1,B=-3
0 ki
8. (a)(1) 2sin§ (b) €3 k=%1,%£2
(c)(i) coefficients of w® cancel (i1) —%
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3mi

9. (a) 2\/56%1 (b) 2e 4,
33
(©) y s (d) N
B // \
A
AN
c N2
Chapter 5
Exercise 5A
T T T T
1. (a) 4 (b) 6 (c) % (d) )
Exercise 5C
3 -3
1. b) ————
® 1+9x? © \6x —9x>
2. (a) 1+xx2 +tan”' x
(b) e“cos™’ ZX—L
1-4x°
(c) 2xsin_1(2x—3)+ 2x°
V=8+12x —4x?
3 3sin”! 3x
3. (a) -
A1-9x2 xt
o 6 : _2xtan_1(3x22+1)
(1+x2)(1+(3x2+1) j (1+x2)
4. () —92 by —+—
1—(ax+b)2 1+(ax+b)2

_Tmi

J2e 12

a

© 2 O
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Exercise 5D

K]

N

5
n
4

s
2

Exercise 5E

2

l. (@) tan”'(x+2)+c (b) L tan! Z(x-1)+ec

NG 3

2. (a) ln(x2 +2x+3)—x/§tan_1 (xT';lj—F c

1 2 1 1| 2x+1
b) =In{x"+x+1)——=tan +c
© (s exel)- (ﬁj

3. (a) sin_l(x;3)+c

4. (a) sin'x—vl-x*+¢

(b) =3 3+2x—x2+sin1(x7‘1)+c

(c) V1-x—x? +%sin*1 (%}r c

[note that sin™' 4 4 sin™! % zg by drawing a 3, 4, 5 right-angled triangle].

(c) % tan~! 21

7

(©) Lsin_1 (4x — 1) +c

N
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Chapter 6
Exercise 6A
Lo 2o oSt oSt oy
Exercise 6B
1. (a) 0.64  (b) 0.86 (c) 0.24 (d) —0.54 (e) 1.05
Exercise 6C
y
L @ /y%\ ®)
0‘ X
(0]

Exercise 6E

2. 8cosh* x—8cosh? x+1

Exercise 6F

1. (a) 3sinh3x

) 2xsinh 2x—cosh 2x

2
X

(g) —cosech xcoth x

(b) 6sinh3xcosh3x

(e) tanhx+xsech’x

(c) 2xcoshx+x*sinh x

()

—sech x tanh x
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Exercise 6G

1. (a) %sinh3x+c

(©) %x cosh2x —

Exercise 6H

3. (a) In= (3+\/—)

Exercise 6l

1. (a) 9_3

(d) e*sinh™' x+

lsinh 2x+c

4

(b)

X

€

\/1+x2

(b) %mz

1
V9 + x?
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(b) %(x+lsinh 2x)+c

2\/7+ln(2+\/_)

Exercise 6J

1. (a) sinh™ §+c

(d) 5 s1nh 137x+

(2) sinh_1 (x + 2) +c

Exercise 6K

1. (a) In2

(d) 1n#

(b) cosh™ §+ c

() sinh' X1y ¢

2

(h) cosh™ x-1 +c

V3

(b) 0, —In7

(¢) No solutions

2
(d) x—tanhx
3
(©) ln2
1
(c)
x* 16
2 1 -1.2
(e) ERTE cosh™ x
(@) —s1nh 1§+c
® coshfleZ+c

(c) ln(ﬁ—l), ln(4+\/ﬁ)
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Miscellaneous exercises 6

1. (a) ¢* (b) 1
2. %mz

3. (b) —In2, In(2++5)
4. (b) In4

_2 _4
5.(c) 23+23

7. (b)) %tanh2x+c (i) In coshx—%tanhzx te
y . .. 3
8.(a) \ / (b)) In3 (ii) In
\ two roots
1 one root
no roots
0 X
9. (a) x>1 (b)(ii) 2 —1n(ﬁ +1)

10. (d) %(1113)2

11. (c)Gi) 1.76
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Chapter 7

Miscellaneous exercises 7

1.

»

(b)(i1)) s=Incoshéd

~ 97 65 6305
(a)(1) EPRD) (b) 5184

(a)(ii) 1-tanh” @ =sech’d

(b) k=8, 20*35“

b)) 12 (i) %n

(a) 2
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